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Abstract

The theory of foliations emerged as a distinct field in the 1940’s. Since then, it has

seen a major progress and a rapid development. This field has it origins in the study of

the solution curves of ordinary differential equations, and of vector fields on surfaces.

Intuitively speaking, a regular foliation is the decomposition of a manifold into immersed

submanifolds, namely leaves, of the same dimension that ”fit together nicely”.

In this work we propose a controllable geometric flow that decomposes the interior

volume bounded by a triangular mesh into a collection of encapsulating layers, which

we denote by a generalized foliation. For star-like genus zero surfaces we show that

our formulation leads to a foliation of the volume with leaves that are closed genus

zero surfaces, where the inner most leaves are spherical. Our method is based on the

three-dimensional Hele-Shaw free-surface injection flow, which is applied to a conformally

inverted domain. Every time iteration of the flow leads to a new free surface, which,

after inversion, forms a foliation leaf of the input domain. Our approach is simple to

implement, and versatile, as different foliations of the same domain can be generated

by modifying the injection point of the simulated three-dimensional Hele-Shaw flow in

the inverted domain. We demonstrate the applicability of our method on a variety of

shapes, including high-genus surfaces and collections of semantically similar shapes.
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Chapter 1

Introduction

In the last few decades, the field of geometric flows has seen great progress. As a

consequence, these flows have emerged as an essential tool in diverse disciplines such as

material science, geometry analysis, topology, quantum field theory and the solution of

partial differential equations, among many others [Bak05]. In this work, we propose a

geometric flow for closed surfaces, which is based on the three-dimensional Hele-Shaw

injection flow [RT00].

Our flow has three main properties: (1) If the surface remains a single component

during the flow, then it experimentally converges to a sphere; (2) The free surfaces,

at each time-step of the flow, form a collection of encapsulating layers, which yield a

generalized foliation; (3) The flow is controllable, as the center of innermost spherical

layer can be positioned at various points interior to the input surface. Hence, it is

possible to influence the speed of the deformation of different parts of the surface,

and the progress of the flow. In addition, our flow can handle high-genus surfaces,

by allowing the surface topology to change during the flow, thus enabling the flow to

progress beyond flow singularities.

Even though there exist other geometric flows with similar properties, such as: Ricci

Flow [Ham88], Mean Curvature Flow (MCF) [Bra78], conformalized MCF [KSBC12],

Yamabe Flow [Y+94] and many others, to the best of our knowledge none of these

possess all of the properties mentioned above. In other words, either these flows do not

converge to a sphere, or they do not generate encapsulating layers, and most of them, if

not all, are not controllable.

We show experimentally that our formulation generates a foliation of the input

domain when the input surface is a star-like genus zero surface with respect to the

injection point. Furthermore, we demonstrate our flow on a variety of surfaces, showing

controllability, similar foliations for semantically similar shapes, and interesting general-

ized foliations of high-genus surfaces. These results can potentially be used for further

geometric processing, such as computing volumetric maps, and transferring volumetric

textures.
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Related Work

At the core of our method lies the three-dimensional Hele-Shaw flow with an injection

singular point. The Computational Fluid Dynamics (CFD) literature is rich with

analytical, numerical and experimental studies of the Hele-Shaw flow as well as other

related flow types. A full review is beyond the scope of this work. Our literature

review is thus limited to the most relevant results and methods related to our suggested

method.

Geometric Flows Geometric flows are abundant in the mathematical literature,

e.g. flows such as the Ricci flow [Ham88], Willmore flow [KS02] and mean curvature

flow [Bra78], to mention just a few. In the geometry processing literature, corresponding

discrete flows have been developed, where some examples include discrete Ricci flow

[YGL+09], discrete Willmore flow [BS05], conformal Willmore flow [CPS13] and con-

formalized mean curvature flow [KSBC12]. While all these flows converge to a sphere,

they do not have the property that we require for generating a foliation, namely that

the resulting surfaces are encapsulating. Furthermore, these flows are fully defined by

the initial surface, leaving no room for controllability. Our flow, on the other hand, has

both these properties.

Hele-Shaw flows Our method is based on the three-dimensional model of the Hele-

Shaw flow with an injection singular point. A mathematical treatment of Hele-Shaw

flows from the point of view of geometric function theory and potential theory, including

a complex analytic approach can be found in [GV06]. The model equations we use

are based on Darcy’s equations, which were derived from the Navier-Stokes equations

via homogenization [Whi86]. The same model, with suction instead of injection, is

known to be unstable in some cases, yielding the viscous fingering phenomenon [ST58].

A two-dimensional Computer Graphics simulation of this model, both its stable and

unstable versions and including two-phase flow and interactive control, was presented

in [SVBC16]. Viscous fingering is closely related to other pattern formation phenomena

such as bacterial growth and snowflake formation ([BJ97] and [GKCBJ98]), among

others, all of which are examples of Laplacian growth. A thorough investigation of this

topic can be found in [GTV14]. We focus on a specific setting of 3D Hele-Shaw flow,

which leads to a geometric flow that has the properties that we require.

Foliations The field of foliations has emerged as a distinct field with the publication

by Ehresmann and Reeb [ER44]. Being a well established mathematical field, many

introductory texts are available. A summarized introduction to the topic is given in

[LJ74], while a more recent and thorough introduction to the theory of foliations can be

found in [MM03]. Another book presenting the basic concepts in the theory of foliations

together with some more advanced topics such as aspects of the spectral theory for

Riemannian foliations as well as applications of the heat equation method to Riemannian
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foliations appears in [Ton12]. In the context of Computer Graphics, a recent work

[CSZ16] has presented an algorithm for constructing foliations in a discrete setting

which are then used for the bijective parametrization of two and three-dimensional

objects, over canonical domains. In that work though, the authors handle foliations

with one-dimensional leaves, i.e. any such foliation is a decomposition of a domain

into disjoint curves. The volumetric bijective parameterization is then generated by

the transversal sections of the the one-dimensional foliation. We, on the other hand,

generate directly the two-dimensional leaves, of which the inner-most is a sphere. Our

work can be considered complimentary as it provides an alternative solution using

two-dimensional foliations which can spur further work on this topic.
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Chapter 2

Preliminaries

The decomposition of a manifold into immersed sub-manifolds, namely leaves, is called a

foliation. These leaves are of the same dimension, and “fit together nicely” (see [LJ74],

[MM03] for a rigorous definition). We propose a method for computing the foliation

of the interior of a triangular mesh M by leaves which are closed surfaces, using a

three dimensional Hele-Shaw flow in a conformally inverted domain. Our algorithm is

composed of the following steps (see Figure 2.1):

1. Normalize the initial input mesh M such that it resides inside the unit sphere.

2. Conformally invert M using a Möbius inversion through the unit sphere to get

M̃.

3. Evolve M̃ using a 3D Hele-Shaw flow until it converges to a sphere, leading to a

series of surfaces M̃n.

4. Conformally invert M̃n using a Möbius inversion through the unit sphere, to get

the final foliation Mn.

The Flow The 3D Hele-Shaw flow that we use is a normal flow, where the normal

velocity is determined by the gradient of a volumetric harmonic function which is 0 on

the boundary of the domain, and negative in the interior. One important property of

this flow, is that it is positive by definition, i.e. the inner product of the gradient of the

harmonic function with the normal direction will be non-negative, hence, the domain

that is occupied by the fluid at some instant encapsulates the domain occupied by the

fluid in each of the previous times, leading to a foliation structure.

Further, our flow is derived from a physical model, where the existence of a solution

globally in time was proven under the assumption that the initial domain is star-shaped

with respect to the injection point [GTV14, Theorem 4.5.2]. In addition, initial domains

that are perturbations of balls converge to balls under this flow [Von06, Von10]. In our

experiments, we demonstrate that even for initial domains that are not perturbations
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Figure 2.1: Overview of our approach: (top) conformally invert the input mesh, (bottom,
left part, zoomed out) then evolve the boundary using 3D Hele-Shaw flow, (bottom,
right part) and finally invert back to get the foliation leaves. Every domain and its
transformed domain have the same color. Origin is marked with ?. Injection point in
the inverted domain, where the flow is executed, is at the origin.

of balls, nor necessarily adhere to the star-likeness requirement, the resulting domain

indeed converges to a ball.

The Inversion Map The inversion map that we use maps the family of spheres

centered at the origin to itself, so that a sphere is mapped to another sphere under

this map, and the unit sphere remains unchanged. Furthermore, under this map, the

interior of the unit sphere is mapped to be the exterior of the unit sphere, and vice-versa.

Finally, this inversion map is conformal [ABW13], hence the normal flow in the inverted

domain is mapped to a normal flow in the original domain bounded by the initial input

mesh. Since the inversion map is its own inverse, our method then finds the foliation

leaves by applying the inversion map again on each of the resulting domains after each

step of the viscous flow evolution.
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Chapter 3

Method

3.1 Notations

I inversion map, a Möbius transformation.

M(VM,FM) triangular surface mesh, faces are triangles.

T (VT ,FT ) tetrahedral volumetric mesh, elements are tetrahedrons.

M̃ triangular surface mesh after applying inversion I .

T̃ the mesh generated after tetrahedralizing the volume whose

boundary surface is M̃.

∂T̃ the triangular mesh which is the boundary of the tetrahe-

dral mesh T̃ .

LT̃ ∈ R|VT̃ |×|VT̃ | the Laplacian operator matrix of the tetrahedral mesh T̃ .

LM̃ ∈ R|VM̃|×|VM̃| the Laplacian operator matrix of the triangular mesh M̃.

GT̃ ∈ R3|FT̃ |×|VT̃ | the gradient operator matrix of the tetrahedral mesh T̃ .

GM̃ ∈ R3|FM̃|×|VM̃| the gradient operator matrix of the triangular mesh M̃.

Our goal is to compute a series of encapsulating surfaces in the interior of our input

domain M. Since injection flow is stable and converges to a ball, we first invert the

input mesh through the unit sphere, then run the flow to get the layers, and then invert

back.

3.2 The flow

We assume the model of the Hele-Shaw problem in R3. We consider the evolution of

an incompressible (i.e. with negligible effect of pressure on density) three-dimensional
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Figure 3.1: The model geometry. The domain Ω with its boundary ∂Ω = Γ, O is the
singularity, placed at the origin. Half of the interior of the model is transparent for
visualization.

viscous fluid, under the influence of injection through a singular point x0 internal to

the fluid domain Ω̃. The velocity is divergence free everywhere except at the singular

point x0. See Figure 3.1 for an illustration of the model geometry. We follow the model

equations (1.1)-(1.3) from [RT00], with two minor modifications. First, we define the

injection rate with an opposite sign, and second, we denote the pressure as the velocity

potential Φ : Ω→ R, so that the velocity u is defined by,

u = −∇Φ. (3.1)

We get:

∆Φ = Qδx0(x), x, x0 ∈ Ω̃(t) (3.2)

Φ = σH, on Γ̃(t), (3.3)

where ∆ is the Laplacian, Q a constant indicating a rate of injection (Q < 0 for a

source) or suction (Q > 0 for a sink), δx0(x) is the three-dimensional Dirac distribution

centered at x0, Ω̃ ⊂ R3 is the fluid domain, ∂Ω̃ = Γ̃ is the domain boundary, σ is the

surface tension and H is the mean curvature. The solution for Φ determines the velocity

of the boundary:

un = 〈−∇Φ(x), n̂(x)〉 x ∈ Γ̃(t) (3.4)

where n̂(x) is the outward unit normal direction to the boundary Γ̃ and un is the normal

component of the velocity at the boundary Γ̃. A solution to the partial differential
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Figure 3.2: The evolution of a star-like domain. (left) The input surface (orange)
together with the final surface (red), which is a sphere. (right) The full injection flow,
where every layer appears in a different color. We show the cross-section of 10 sampled
layers.

equation in (3.2) is of the form:

Φ = QG(x, x0) + g(x) x, x0 ∈ Ω̃ (3.5)

where G(x, x0) is the Green’s function for the Laplacian in R3, given by G(x, x0) =

− 1
4π|x−x0| , and g(x) is a harmonic function necessary for fulfilling the boundary con-

ditions. Also, for the purpose of our method we assume a flow with a constant rate

of injection Q < 0 and without surface tension. Hence, the following are our model

equations,

Φ(x) = QG(x, x0) + g(x) x ∈ Ω̃ (3.6)

Φ(x) = 0 x ∈ Γ̃ (3.7)

un = 〈−∇Φ(x), n̂(x)〉 x ∈ Γ̃ (3.8)

This derivation is similar to the derivation presented in [GV06] which was also used in

[SVBC16] to model the one-phase two-dimensional Hele-Shaw flow. We refer the reader

to [RT00], [GV06] as well as [GTV14] for further details.

Since we consider a viscous flow with injection (i.e. Q < 0), the potential Φ in all

the domain Ω̃ is positive and the velocity at the boundary Γ̃ points outwards such that

the boundary expands. Figure 3.2 shows an example of the evolution of a star-like

domain which shows the expanding boundary.

11©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



3.3 The Inversion Map

Given an input initial triangular mesh M, which we consider as the boundary of

an initial domain ∂Ω(0) = Γ(0), our goal is to efficiently find a family of domains

Ω̃(t) which fulfill the model equations (3.6)-(3.8). Ω̃(0) is the domain bounded by the

inverted input mesh M̃, i.e. the domain obtained after applying a Möbius transform

I : x 7→ x̃, x, x̃ ∈ R3 to the given input mesh M as follows,

x̃ =


x/ ||x||2 if x 6= 0,∞
0 if x =∞
∞ if x = 0

(3.9)

The map I is the inversion of R3∪{∞} with respect to the unit sphere, such that for

x /∈ {0,∞}, x̃ is on the ray with an endpoint at the origin which passes through x, with

|x̃| = 1/ |x|. It is easy to see that the map is continuous and is its own inverse. Once

the family of domains Ω̃(t) is obtained, the volumetric foliation of the volume bounded

by the initial input mesh M is computed by applying the map I to each domain and

taking its boundary, i.e. the foliation leaves are ∂Ω(t). Figure 3.3 shows an example of

the application of the inversion map.

Figure 3.3: Example of the inversion map, the meshes are color coded such that
corresponding points have the same color. (left) The original mesh. (right) An inversion
of the standing man mesh.
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3.4 Discretization

For solving model equations (3.6)-(3.8), we take the inverted initial input mesh M̃(VM̃,FM̃)

which we refer to as ∂Ω̃(0), and discretize the domain it bounds, i.e. Ω̃(0), using a

tetrahedral mesh T̃ (VT̃ ,FT̃ ). We denote by ∂T̃ (V∂T̃ ,F∂T̃ ) the triangular mesh which

is the boundary of T̃ , which should be exactly M̃, but as tetrahedralization procedures

tend to generate meshes with boundaries that do not perfectly fit the mesh that was

used to define their boundary, we will need to refer to this surface as well. Solving the

model means finding the harmonic g(x), as implied from equation (3.2). We chose to

work with FEM as our discretization, hence we consider a scalar function as a piecewise

linear function defined over the vertices. Therefore, we seek a discretized harmonic

function g which satisfies

LT̃ g = 0, (3.10)

where LT̃ is the Laplacian operator matrix defined for a tetrahedral mesh T̃ . Writing

our discretized model (3.10), including the boundary conditions, in matrix form we get[
LT̃I×I LT̃I×B

0 IB

][
XI

XB

]
=

[
0

gB

]
, (3.11)

where I and B are the sets of indices of the interior and boundary vertices, respectively,

and IB is the identity matrix of the appropriate size. We evaluate the boundary values

gB = g
∣∣
∂T̃ using equations (3.6) and (3.7),

gB = −Q · G, (3.12)

where G is the vector of Green’s function G(v, v0) values evaluated at every vertex

v ∈ ∂T̃ . Since gI is what we seek, the system is simplified to be,

[LT̃I×I ][XI ] = [−LT̃I×B · gB] (3.13)

which gives the values of gI , and together with the values gB obtained in (3.12) we have

the values of the discretized harmonic function g for all v ∈ VT̃ . Using the discrete

gradient operator matrix defined for a tetrahedron-mesh, we can calculate Gg
FT̃

= GT̃ g

defined over the tetrahedrons t ∈ FT̃ .

3.5 Interpolating ∇g to Vertices of ∂T̃

We use the barycentric volume (adapted from barycentric area defined in [MDSB03]) in

order to interpolate Gg
FT̃

values from the tetrahedrons to the mesh vertices. Denoting

V olF (tj), tj ∈ FT̃ as the tetrahedral volume of tj , then V olV(vi) =
∑

tj∈N1i
V olF (tj)/4

is the vertex volume of vi, where N1i is vertex vi 1−ring neighborhood of tetrahedrons.

We define an interpolation operator IFV ∈ R|VT̃ |×|FT̃ | to interpolate values from the
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tetrahedrons to the vertices, in order to get the values Gg
VT̃

defined over the vertices

v ∈ VT̃ . Practically, IFV (i, j) =
V olF (tj)
4V olV (vi)

iff face j belongs to the 1−ring neighborhood

of vertex i and 0 otherwise, so that,

Gg
VT̃

= IFV ·G
g
FT̃

(3.14)

3.6 Interpolating Velocity to Vertices of M̃

Having Gg
VT̃

, we can easily calculate the gradient of the discretized potential defined

over the vertices v ∈ VT̃ , denoted Gφ
VT̃

. Though, what we would actually like to find

are the values Gφ
VM̃

- the gradient values of the discretized potential defined over the

vertices v ∈ VM̃, since this is our surface mesh of interest. Finding the velocity of those

vertices is then merely u = −Gφ
VM̃

, as equation (3.1) suggests. Though, for finding

Gφ
VM̃

we project the vertices that belong to the boundary surface of T̃ , i.e. v ∈ ∂T̃ ,

on the closest face of the triangular surface M̃. We denote those projected vertices

positions by P . We have ∀p ∈ P , ∃f ∈ FM̃ s.t. p is on the plane defined by f (the

positions p are somewhere on the faces of M̃). As a side note we will mention that a

tetrahedral mesh can be generated in such a way that it can be guaranteed that the

vertices that belong to its boundary surface are on the faces of the mesh used as an

input for the generation process, meaning the projection step described above is not

needed. Nevertheless, as we do not generate a tetrahedral mesh every step for a better

performance, but rather evolve it as well for a few iterations, therefore this projection

step can not be discarded. Refer to Section 3.8 for further details. We assume the

gradient values of the discretized potential evaluated at the vertices v ∈ ∂T̃ are the

same as the values evaluated at the positions P after projection, denoted Gφ
P . Defining

B ∈ R|P |×|VM̃| as the matrix of barycentric coordinates of the projected positions p

relative to the faces FM̃, and solving, in the Least Squares (LS) sense, the regularized

system, [
B

ε1GM̃

] [
X
]
|VM̃|×1

=

[
Gφ
P

0

]
(3.15)

gives the desired values of Gφ
VM̃

, where GM̃ is the gradient operator matrix of the

surface mesh M̃ and ε1 is a factor determining how effective the regularization will be.

3.7 Evolving the Surface Boundary

As noted earlier, applying equation (3.1) we get the velocities u = −Gφ
VM̃

of the vertices

v ∈ VM̃, and we can evolve the surface boundary mesh M̃. We project the velocity u of

each vertex v ∈ VM̃ on the appropriate surface normal at each vertex to get the normal

velocities un. Finding the new locations of the vertices v ∈ VM̃ is then being done by
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solving the system, in the LS sense,[
InM̃

ε2µLM̃

] [
X
]

=

[
v̄ + ∂τ · un

0

]
. (3.16)

Here InM̃ is the identity matrix of the appropriate size, LM̃ is the Laplacian operator

matrix of M̃, ∂τ is the time interval length, v̄ being the vector of the vertices v ∈ VM̃,

µ being the smallest eigenvalue (which is not 0) of LM̃ that acts as a regularizer, and ε2

is a factor determining how effective the regularization will be. Denoting the resulting

set of vertices as Vτ+∂τM̃ , the mesh defined by (Vτ+∂τM̃ ,FM̃) is set to be the surface mesh

M̃n(VnM̃,F
n
M̃) which is the boundary of the domain for the next iteration. Once in a few

iterations the mesh defined by (Vτ+∂τM̃ ,FM̃) is first being remeshed and only then set to

be M̃n(VnM̃,F
n
M̃). The current foliation leaf is the surface mesh defined by the faces

FnM̃ and by the vertices obtained by applying the inversion map (3.9) to the vertices VnM̃.

In cases where we want to have all the foliation leaves with the same triangulation as

the original manifold, then a post process operation of iteratively projecting on each leaf,

from outermost to innermost, the set of vertices projected on the previous leaf, where

initially this set is VM̃. This processing can also be done in parallel to the evolution, at

the end of each step, and not necessarily as a post process step.

3.8 Reusing Tetrahedral Mesh T̃

In order to speed up execution time, we reduce the number of tetrahedral mesh

generations and reuse results from previous iterations. Since we know Gg
V∂̃T

for the

vertices on the boundary surface of the mesh ∂T̃ , we therefore can calculate the velocity

of those vertices, denoted by wB, and we can evolve the boundary of the tetrahedral

mesh. As for updating the locations of the interior vertices of T̃ , since we do not need

those vertices to move according to the model equations (3.6)-(3.8) we rather use the

velocity of the boundary vertices and find a smooth solution for the interior vertices, i.e.

solve in the LS sense the following system,[
LI×I LI×B

0 IB×B

][
XI

XB

]
=

[
0

wB

]
(3.17)

Similar to before, simplifying of the system yields,

[LT̃I×I ][XI ] = [−LT̃I×B · wB] (3.18)

and we get wI . With the complete velocity vector w for the vertices of the tetrahedral

mesh we then advance the vertices VT̃ locations by ∂τ · w to get their new locations.

We still regenerate a new tetrahedral mesh but only once in a few iterations.
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3.9 High Genus

Our method is capable of handling high genus meshes without boundaries, if we allow

the flow to change the topology of the evolved surface by continuing beyond a flow

singularity, when such occurs. Our method handles flow singularities by using the

following rather simple heuristic:

• Find the number of degenerate triangular faces (see below for further details),

let’s call this number d.

• If d > t1, where t1 is the minimal number of degenerate triangles that we would

like to remove at once, then:

– If d has increased from the previous evolution iteration, and d < t2 then

continue, where t2 is the maximal number of degenerate triangles that allowed

to exist unhandled.

– If d > t2, or d has remained the same as in the previous evolution iteration

(but d > t1), then all the degenerate triangles are being marked to be removed

from the surface.

• Apply removal of faces marked to be removed, only if the genus after the removal

will decrease.

Whenever such faces are removed, our method executes a holes filling procedure to fill

up the holes that were created due the faces removal, so that the resulted mesh is again

without boundaries. The evolution continues with this new surface of lower order genus,

until a convergence to a sphere is reached.

We tried two methods to determine whether a triangular face is considered degenerate

for the heuristic above:

• A face whose area is less than a threshold θ, where θ � 1.

• A face whose Shape Diameter Function (SDF) value is less than a threshold µ,

where µ < 1.

Figure 3.4: SDF values for different meshes. (left) Eight. (right) Bob the duck.
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Figure 3.5: High genus. Result obtained after allowing the flow to progress beyond the
flow singularities, with the heuristic described at Section 3.9.

The SDF, as appeared in [SSCO08], is a scalar function defined on the mesh surface. It

expresses an estimate of the diameter of the object’s volume in the neighborhood of

each point on the surface. The SDF values remain almost the same for different poses of

the same object. Figure 3.4 shows examples for SDF values of two meshes, after a few

evaluations of our flow, and before reaching a flow singularity. It is noticeable in both of

the examples that the areas where flow singularity is about to occur are areas of low SDF

values. In our tests we used values of θ ∈ (1e−7, 1e−5) and µ ∈ (5e−3, 2e−2). Although

the method that designates degenerate faces according to their area is simpler to

implement, the method that uses the SDF values seems to perform better, and operates

as expected on a larger number of high-genus objects. We used the implementation

of the SDF values calculation provided as part of CGAL [The18]. Figures 3.5 and 5.9

show results of our method when running on high-genus meshes.
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Chapter 4

Implementation Details

4.1 Introduction

In our experiments we executed our method on surfaces that are bounded by the unit

sphere. That way, after applying the inversion, the inverted surface is then completely

outside the unit sphere. Working in that manner is not obligatory, but rather it

helped in keeping each parameter used in our method of the same order of magnitude

when running on different surfaces. In the following subsections we will describe the

parameters we used when executing our method and how we set their values.

4.2 Time Step Interval ∂τ and Injection Rate Q

In our experiment we kept the time interval constant and used the value of ∂τ = 0.1.

Since the evolution happens in the inverted domain, and is executed as a flow of

injection from a singular point, therefore as the boundary expands at every iteration

of the simulation, the injection rate affects less and less, since the distance from the

singularity to the boundary increases. In other words, the relative progress of the

simulation is reduced along the execution. This behaviour can be demonstrated when

considering the evolution of a sphere according to our model. It can easily be shown that

when the initial domain is a sphere, then when applying our model equations (3.6)-(3.8)

in that domain gives rise to the following equation for the radius of the sphere,

R(t) =
3

√
R3

0 −
3Qt

4π
(4.1)

which supports our claim on the slowing in the simulation progress. Reminder: we

handle a flow of injection, i.e. Q < 0. See Appendix A for a derivation of equation (4.1).

In order to tackle this problem, we use a heuristic for adaptively changing the value of the

injection rate Q. The main idea is that we have a predefined parameter α determining

the requested movement of the closest point to the singularity in percentage from its

distance to the singularity. Notice that the closest point to the singularity, denoted by ρ,
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can change between iterations. In other words, we would like the movement of ρ to be

of size α · ρ. At every iteration we check the actual movement that we achieved, denoted

∂ρ. According to the difference (α · ρ − ∂ρ), we increase or decrease (by a constant

factor) yet another parameter γ, where if the current time is τ then γ should take the

value as in the following relation (γρ(τ))3 = ρ(τ − ∂τ)3 − ρ(τ)3. The new value of Q is

then (in the spirit of equation (4.1), as if the domain is spherical),

Q =
γ3 · 4π
3 · ∂τ

(4.2)

4.3 Triangular and Tetrahedral Meshes Handling

In our implementation we chose to use the Finite Element Method (FEM). Alternative

approaches can be taken for implementing the method described in Chapter 3. For

instance, in [WBCPS18] the authors used the Boundary Element Method (BEM) for

addressing a model closely related to the model we use for simulating the 3D Hele-Shaw

flow. In our experiments we also tried to utilize a method suggested in [BCWG09] which

is another BEM alternative for solving our model. However, since we did not experience

any performance benefit, we decided to choose FEM. For discretizing the volumetric

domain, we tried using two alternatives, CGAL [The18] and TetWild [HZG+18]. We

used TetWild while it was still in development, and though it gave results that seem

to be better for our needs (for example, controlling the deviation of the generated

tetrahedral mesh boundary surface from the triangular surface that was given as an

input is much easier than CGAL), we eventually chose to use CGAL for tetrahedral

mesh generation due its better performance, and since it is easier to work with it as it

has a C/C++ API, while TetWild is black box utility. We also used CGAL capabilities

for triangular mesh remeshing and hole filling. In our implementation, after evolving

the boundary and applying the inversion map I , we remesh the resulting surface to get

the current foliation leaf. As for the tetrahedral mesh generation, we execute it once

in every 20 iterations, while in the other iterations we update the tetrahedral mesh

vertices as described in Section 3.8.

4.4 Regularization Factors

4.4.1 ε1

The purpose of ε1 is to prevent the system in equation (3.15) from being rank deficient.

As we would like to interpolate values from the projected positions P which are on the

faces FM̃, to the vertices VM̃, it is not guaranteed that for every face f ∈ FM̃ there

exists a point p ∈ P which is on the face f . Therefore, there might be vertices which all

the faces they belong to have no points in P placed on them. Meaning, no interpolation

of the velocity can be done for those vertices when solving equation (3.15). That is
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Figure 4.1: ε1 effectiveness demonstrated on a teddy mesh foliation result. Meshes are
clipped using 3 planes. (left) ε1 = 0.09. (right) ε1 = 0.9.

where the regularization factor ε1 comes in, as it causes the velocity to be smooth.

Figure 4.1 shows how ε1 affects the flow. The value of ε1 needs not to be too big as it

causes aggressive smoothing to the velocity of the boundary mesh vertices, which slows

down the evolution. Furthermore, it can be seen that for larger values of ε1 features

(such as the hands, legs, ears, etc.) disappear at a later stage in the flow. We should

note that the result on the right in Figure 4.1, that shows an evolution with larger ε1

value, does not converge to a sphere only because the simulation was halted, due to

very long running time. We found that the value of ε = 0.09 works fine for the desired

results, and used it in all of our experiments.

4.4.2 ε2

The purpose of ε2 is to smooth the new positions of the vertices VM̃. Having this factor

helps to obtain better evolution results. A value too big of ε2 is problematic though.

In Figure 4.2, the result on the right, which matches an evolution with a rather large

value of ε2, demonstrates the problems with a smoothing of the new positions which is

too aggressive. Besides having the features (such as the hands, legs, ears, etc.) taking

spherical shapes, the bigger problem is that it causes intersections between the layers,

as can be clearly seen happens in the right leg. We used the value of ε2 = 6e−7 in all of

our experiments.
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Figure 4.2: ε2 effectiveness demonstrated on a teddy mesh foliation result. (left)
ε2 = 6e−7. (right) ε2 = 6e−5.

4.5 Limitations

4.5.1 Flow Singularities

As indicated already in Chapter 2, the Hele-Shaw flow with injection is in principle well

posed. Though, when requiring a solution that is not allowed to change topology, a

flow singularity will be encountered for an initial geometry sufficiently entangled (see

[GTV14], Chapter 4 section 4.2 and Theorem 4.5.2). High-genus meshes are a typical

example for such a geometry where the flow will reach a singularity. Such singularities,

however, can also arise in from genus zero meshes as well. See Figure 4.3 for such an

example.

4.5.2 Layer Intersections

Results obtained using our implementation might encounter intersections of the layers,

that should be non-intersecting in general. Two typical reasons for this to happen:

• The parameter ε2, described in Subsection 4.4.2 in detail, might cause such layer

intersections if not tuned properly, as demonstrated in Figure 4.2.

• An inherent flaw in our implementation due to relying on remeshes. In general,

our method remeshes the currently evolved mesh after the new positions for the

vertices were calculated.

– In areas of low to no velocity such a remesh means essentially the effective
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Figure 4.3: Spring mesh, genus-zero failure case. (left) Layers obtained until flow
singularity reached. (right) The mesh in time of flow singularity. The mesh is a one
component mesh with degenerate triangles.

velocity would differ from the original one not only in magnitude, but even in

its direction. Therefore, areas that are almost static in a rather long period

of the evolution might suffer intersections of their appropriate layers.

– In a similar manner, areas of high curvature are more likely to suffer inter-

sections of their appropriate layers, as easily can be seen in our results for

high-genus meshes, in areas forming the holes.

23©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



24©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



Chapter 5

Experimental Results

5.1 Introduction

We demonstrate our method on various genus-zero meshes as well higher-genus meshes.

In Figures 5.6a, 5.6b and 5.6c we show the results of our method applied on inputs of

closely related meshes, with the singular point being located in similar positions along

the meshes. In Figures 5.7a, 5.7b and 5.7c we show results after applying our method on

inputs of the same mesh at different poses. In both of these sets of results it is noticeable

that similar meshes produce similar layers, or phrasing it differently, the convergence to

a sphere looks similar for similar meshes. In Figure 5.9 we show some more results of

our method when applied on high-genus meshes. In Figure 5.10 we demonstrate the

use of the texture of the object. We show results for 3 meshes and present only the

initial mesh given as an input and the final mesh obtained at the end of the evolution,

though all the intermediate surface meshes from all the evolution steps have a texture.

We use the same texture coordinates of the initial mesh given as an input for all the

layers obtained during the evolution, meaning we need the same triangulation for all

the layers, which is accomplished by the method described in Section 3.7.

5.2 Controlling the Flow

One of the novelties of our method is that it introduces a flow that is controllable, and

this control is achieved by choosing the location of the injection point, when simulating

the 3D Hele-Shaw flow in the inverted domain. Choosing a location that the domain is

starshaped with respect to it, results in a flow that is guaranteed to converge, but as our

results show, convergence can be achieved even for non starshaped configurations. In our

implementation, we chose to always use the origin as the injection point, and translated

the domain according to the desired location of the singularity inside the domain. This

choice was taken only for the ease of implementation. Figure 5.1 demonstrates the

ability of our flow to be controlled. We present 2 different meshes, each one with 3

different positions of the singular point. By changing the position of the singular point
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Figure 5.1: Controlling the flow. Showing the same mesh with different singular points.

we affect the way the layers are being formed, i.e. the way the mesh converges to a

sphere - the areas that will be the first and the last to move during the evolution.

5.3 Local Conformality

Since our flow involves inverting the input domain, and then simulating the 3D Hele-

Shaw flow in that inverted domain, it has the effect of triangles farther from the position

of the injection point in the input domain being shrunk at earlier stages of the flow.

When having the same triangulation for all the resulting layers, which is accomplished

by the method described in Section 3.7, those triangles are usually degenerated in the

innermost layers. As for triangles closer to the position of the injection point in the

input domain, not only they do not become degenerate, but also the mapping between

those triangles in the input mesh and their corresponding triangles in each of the layers

is conformal. Figure 5.2 shows three results of the conformal distortion for the mapping

between the innermost spherical layer and the input mesh. The input mesh is the same

for all the results, the only difference is the position of the injection point used for

the 3D Hele-Shaw simulation in the domain bounded by the inverted input mesh. For

the conformal distortion, we used Eq.(3) from [HG00] (with the minor modification of

subtracting 2), i.e. for a single triangle t ∈ FM the conformal distortion is as follows

k(t) = σ1
σ2

+ σ2
σ1
− 2, where σ1 and σ2 are the singular values of the affine transformation

which maps the triangle t in the innermost layer and its corresponding triangle in the

input mesh. We can clearly see in the results the local conformality property of our

flow. Figures 5.3, 5.4 and 5.5 which demonstrate the Volumetric Mapping that can

be achieved using our method, as described in Section 5.4, also demonstrate the local

conformality of our method. This property is also noticeable in Figure 5.10.
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Figure 5.2: Conformal distortion for 3 different results obtained using the same input
mesh, and different injection point positions. The distortion is measured between the
input mesh and the innermost layer. (top) The input mesh colored by the conformal
distortion values, dark-blue faces are faces with distortion value smaller than 1.5.
(bottom) The corresponding foliations of the input domain, the injection point is in the
center of the innermost layer.

5.4 Volumetric Mapping

Using our method, we can easily find a volumetric mapping, between two meshes,

assuming we know a correspondence of a rather small set of point landmarks between

those meshes. For building the volumetric map we utilize the method presented in

[ESB18] to get a mapping between the two initial input meshes. We then apply our

method to each of the meshes until each of the meshes converges to a sphere, assuming

the flow indeed converges, and having each layer in each of the evolutions with the

same triangulation as the input meshes, using the method mentioned in Section 3.7.

The mapping we got for the initial input meshes is then being used to map all the

matching layers of the volumes. Furthermore, with this method we actually get a

mapping between each of the layers of the volumes, rather than only the matching

ones. Figures 5.3, 5.4 and 5.5 demonstrate the volumetric mapping obtained using our

method.
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Figure 5.3: Teddy meshes volume mapping.

Figure 5.4: Ant meshes volume mapping.
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Figure 5.5: Bird meshes volume mapping.
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(a) Hands. In each row two different
views of the same result.

(b) Birds.

(c) Fish.

Figure 5.6: Closely related meshes, with the singular point being located in similar
positions along the meshes.

(a) Teddy meshes in different poses.

(b) Man meshes in different poses.

(c) Ant meshes in different poses.

Figure 5.7: Same meshes at different poses.
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Figure 5.8: Horse. (left) side view. (right) bottom view.

Figure 5.9: High genus. (left) genus 5. (right) genus 3.

Figure 5.10: Applying texture. (left) The result of our flow. (middle) Initial mesh
textured. (right) Final mesh textured, zoomed in.
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Chapter 6

Conclusion and open questions

6.1 Conclusion

In this work we propose a method to generate a generalized foliation of a volume given

its boundary surface as an input. We accomplish it by relying on a generalization of

the Hele-Shaw flow with injection in three-dimensions, where the flow is being executed

in the domain bounded by the Möbius inverted input boundary surface. Our foliation

leaves are then obtained when inverting back the surfaces obtained at each simulation

step. Our method produces a controllable flow that converges to a sphere. We believe

that our flow could potentially be used for further mesh processing tasks, such as

mesh smoothing, volumetric correspondence and volumetric texture transfer. It could

also be used as a pre-process step for correspondence matching methods and for three

dimensional point cloud recognition and classification algorithms. It is also interesting

to investigate generalizations of the Hele-Shaw flow, such as more general singularity

structures, and two-phase flows.

6.2 Open questions

A proof for the result being a foliation. The key challenge remaining in this

work is to provide a proof for when the inverted domain remains simply connected in

the continuous case (for example when the injection is at the point of starlikeness, for a

star-like domain), then the result is indeed a foliation, when inverting back the result of

each step of the evolution. For making the theory side complete, showing the above in

the discrete case is also necessary.

Domains of convergence. Finding the classification of the domains together with

the appropriate locations of the injection point for the 3D Hele-Shaw flow so that

convergence to a sphere can be proven is yet another gap in the theory side. Though for

a star-like domain, when the injection is at the point of starlikeness, this convergence

can be proven, but as we have introduced in this work, convergence can be achieved for
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non star-like domains, and even for domains bounded by high genus surfaces.
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Appendix A

Evolution of a Sphere

An analytic solution for the model when domain is a sphere. The Laplacian in spherical

coordinates (after neglecting the terms dependant of θ and φ due to symmetry) is,

∆Φ =
1

r2
∂

∂r
(r2

∂Φ

∂r
) (A.1)

Equation (3.2) is then,

∆Φ = Qδ(r) (A.2)

The Green function for the Laplacian in spherical coordinates,

G(r) = − 1

4πr
(A.3)

A solution is of the following form,

Φ(r) = − Q

4πr
+ c1, c1 const (A.4)

Applying boundary condition - equation (3.7),

Φ(r = R) = σH ⇒ σH = − Q

4πR
+ c1 (A.5)

⇒ c1 = σH +
Q

4πR
(A.6)

The potential is therefore,

Φ(r) = σH − Q

4πr
+

Q

4πR
(A.7)

Φ(r, t) = σH(t)− Q

4πr
+

Q

4πR(t)
(A.8)
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The velocity is the normal derivative of the potential,

R′(t) = v = −∂Φ

∂n̂

∣∣∣
r=R(t)

= −∂Φ

∂r

∣∣∣
r=R(t)

= − Q

4πr2

∣∣∣
r=R(t)

(A.9)

So that we get an ODE,

R′(t) = − Q

4πR(t)2
(A.10)

dR

dt
= − Q

4πR(t)2
(A.11)∫

4πR(t)2dR = −
∫
Qdt (A.12)

4πR(t)3

3
= −Qt+ c2 (A.13)

R(t) =
3

√
3

4π
(−Qt+ c2) (A.14)

R(t = 0) = R0 ⇒ R0 =
3

√
3

4π
c2 ⇒ c2 = R3

0

4π

3
(A.15)

R(t) =
3

√
3

4π
(−Qt+R3

0

4π

3
) =

3

√
R3

0 −
3Qt

4π
(A.16)

If Q > 0, i.e. the flow is a suction flow, then the sphere will vanish at t = R3
0
4π
3Q .

Our flow is an injection flow, i.e. Q < 0.
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דמוי־כוכב הינו זה תחום כאשר כן וכמו אפס גנוס בעל הוא זה תחום כאשר כקלט, הניתן המשטח

אנו אותו התהליך הרצת את מדגימים אנחנו כן, כמו לעיל. כנזכר ההזרקה מתבצעת ממנה לנקודה ביחס

לשלוט היכולת את מראים וכן גבוה, גנוס בעלי משטחים גם ביניהם משטחים, של רב מספר על מציעים

התהליך. מהפעלת כתוצאה המתקבלת הללו, המשטחים ידי על החסום התחום של הלווחיות ואת בתהליך

מיפויים חישוב משטחים, של וטיוב החלקה כדוגמת נוסף, גיאומטרי לעיבוד לשמש עשויות אלה תוצאות

וסיווג זיהוי למצוא ניתן ביניהם שונים לתהליכים מקדים כשלב או נפחיות, טקסטורות העברת וכן נפחיים,

משטחים. בין התאמה מציאת וכן מימדייים תלת נקודות ענני
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תקציר

כתוצאה ניכרת. התקדמות ראה גיאומטרית זרימה בתהליכי העוסק המדעי התחום האחרונים, בעשורים

במדעי החל תחומים, של רב במגוון מהותיים כלים להיות התפתחו שונים גיאומטרית זרימה תהליכי מכך,

שלל וכן מד״ח בפיתרון וכלה וטופולוגיה גיאומטריה ניתוח דרך קוואנטים, שדות של ובתיאוריה החומר

עבור גיאומטרית זרימה תהליך מציעים אנו זו בעבודתנו מלפרט. היריעה קצרה אשר נוספים תחומים

הילי־שו זרימת והנקרא הנוזלים מכניקת מתחום המוכר פיזיקלי תהליך על מבוסס אשר סגורים, משטחים

הזרקת באמצעות האחד האופן ־ פעולה אופני משני כתוצאה להתרחש יכול זה פיזיקלי תהליך במרחב.

נקודה מתוך גז או נוזל שאיבת באמצעות השני האופן ואילו במרחב סינגולרית נקודה מתוך גז או נוזל

מהזרקה. כתוצאה המתרחש הנ״ל בתהליך רק נתמקד זו עבודתנו לצורך במרחב. סינגולרית

במידה (1) עיקריים: מאפיינים שלושה יש זו בעבודה מציעים אנחנו אותו הגיאומטרית הזרימה לתהליך

מתבצעת אליו הנוזל גבול את המהווה המשטח, הנ״ל המרחבי הפיזיקלי הזרימה תהליך סימולצית ולאורך

המשטחים כלל (2) כדור; לשפת אמפירית, בצורה מתכנס, זה משטח אזי רכיב־יחיד, נשאר ההזרקה,

מבנה יוצרים הנ״ל המרחבי הפיזיקלי הזרימה תהליך סימולצית של זמני צעד בכל המתקבלים החופשיים

מתבצעת אליו הנוזל נמצא בו הנפח של מוכללת לווחיות והמהוות השניה, את אחת החובקות שכבות של

של שהמרכז מכיוון לשליטה ניתן הינו זו בעבודה המוצע הגיאומטרית הזרימה תהליך (3) ההזרקה;

המשטח ידי על החסום התחום בתוך נקודות במבחר למיקום ניתן ביותר הפנימית הכדורית השכבה

להשפיע ניתן מכך, כתוצאה לעיל. כנזכר הנוזל של הגבול את למעשה מהווה ואשר לתהליך כקלט הניתן

השפעה מתאפשרת וכן מתכווצים, הנוזל, גבול את המייצג במשטח, מסויימים איזורים בה המהירות על

המוצע הגיאומטרית הזרימה תהליך לעיל, האמור לכל בנוסף הזרימה; תהליך התקדמות וקצב דרך על

טופולוגיית השתנות ומתאפשרת במידה מאפס, גבוה גנוס בעלי משטחים עבור אף מתכנס זו בעבודה

ובצורה לכך, המתאימים התנאים מתקיימים כאשר הפיזיקלי, הזרימה תהליך סימולציית במהלך המשטח

מושגת אשר עד להתקדם להמשיך לתהליך ומאפשרים הזרימה תהליך של בסינגולריות מלהתקל נמנעים זו

כדור. לשפת התכנסות

משותפות תכונות חולקים אף חלקם כאשר אחרים, רבים גיאומטרית זרימה תהליכי וידועים קיימים אמנם,

הזרימה תהליך ריצ׳י, שם על הזרימה תהליך את למצוא ניתן ביניהם ואשר מציעים, אנו אותו התהליך עם

תהליכים וכן המשטח של הממוצעת העקמומיות על המבוססים שונים זרימה תהליכי יאמאבה, שם על

המאפיינים כל את בחובו הטומן גיאומטרית זרימה תהליך קיים לא ידיעתנו למיטב אך נוספים, רבים

מתכנסים לא הללו שהתהליכים או ־ אחרות במילים לעיל. תוארו ואשר זו בעבודה המוצע התהליך של

ניתנים אינם כולם, לא אם ורובם, השנייה, את אחת החובקות שכבות מייצרים לא שהם או כדור, לשפת

כלשהו. באופן לשליטה

ידי על החסום התחום של לווחיות מייצרת מציעים אנו אותה שהשיטה אמפירית, בצורה מראים, אנחנו
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המחשב. למדעי בפקולטה בן־חן, מירלה פרופסור של בהנחייתה בוצע המחקר

במהלך ובכתב־עת בכנס למחקר ושותפיו המחבר מאת כמאמר פורסמו זה בחיבור התוצאות מן חלק

הינה: ביותר העדכנית גרסתו אשר המחבר, של המאסטר מחקר תקופת

David Cohen and Mirela Ben-Chen. Generalized volumetric foliation from

inverted viscous flow. Computers & Graphics, volume 82, pages 152-162,

August 2019. Shape Modeling International 2019 Best Paper Award Honorable

Mention.

תודות

מודה בן־חן מ. הבונות. וההערות הפורים הדיונים על אלגטי וסטפני ונטזוס לאורסטיס להודות רוצה אני

הלאומית ולקרן (ERC starting grant No. 714776 OPREP) למחקר האירופית מהמועצה למימון

.(grant No. 504/16) למדע

הדרך. כל לאורך והתמיכה העזרה כל על שלי למנחה להודות רוצה אני

בהשתלמותי. הנדיבה הכספית התמיכה על לטכניון מודה אני
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תהליך באמצעות מוכללת נפחית לווחיות
מהופך צמיגית זרימה

מחקר על חיבור

התואר לקבלת הדרישות של חלקי מילוי לשם

המחשב במדעי למדעים מגיסטר

כהן דוד

לישראל טכנולוגי מכון ־־־ הטכניון לסנט הוגש

2019 מאי חיפה התשע״ט אייר
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כהן דוד
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