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Cholesky solver
time per iter. 0.27+0.32 sec.

ours
time per iter. 0.27+0.10 sec.

input 
#V: 34K

Fig. 22. We compare our multigrid against the direct solver on the polycube

deformation proposed by [Zhao et al. 2017]. Although the vertex positions

are changed at every iteration, we can still reuse the precomputed multigrid

hierarchy because the connectivity remains the same.We report the runtime

of other steps in the algorithm in black and the runtime for solving linear

systems in red and in blue.

mean curvature flow

time per iteration
Cholesky: 2.8+32.3 sec.

ours: 2.8+1.4 sec.

#V: 691K

Fig. 23. Running the mean curvature flow [Kazhdan et al. 2012] requires

to update the system matrix at every step according to the mass matrix of

the current mesh. By reusing the hierarchy computed on the input shape

(left), our multigrid method is orders of magnitude faster than the direct

solver. We report the runtime of other subroutines in black and the time for

solving the linear system in red (direct solver) and in blue (our multigrid).

©model by Oliver Laric under CC BY-NC-SA.

(Fig. 20 bottom). In Fig. 21, we quantitatively evaluate the runtime

on the same shape at different resolutions obtained via subdivision.

On a mesh with millions of vertices, our approach has over 100×

speed-ups. With our multigrid setup, the precomputed prolongation

operator can be reused not only when changing the value of α (full

rank update to A), but also when swapping between energies Es .

Mesh deformation. We also evaluate our method on mesh defor-

mations to demonstrate that even though the vertex positions have

changed, as long as the connectivity of the mesh remains the same,

we can still reuse the same multigrid hierarchy computed on the

rest mesh. One possible intuition is to view the deformation field

on vertices as a function on the rest shape. Thus, a hierarchy built

on the rest shape could still be used to compute the deformation

“function”. In Fig. 22, we evaluate our method on a polycube de-

formation method proposed by [Zhao et al. 2017] whose system

matrix is re-built at every iteration based on the current deformed

mesh. Our method accelerates the algorithm by 3.2 × on a relatively

low-resolution mesh. In Fig. 23, we replace the Cholesky solver with

our method on a mean curvature flowmethod proposed in [Kazhdan

et al. 2012] and achieve 23× speedup.

input 
#V: 151K

time per iter. (ɛ=1e-4)
Cholesky: 1.6+10.5 sec.

ours: 1.6+2.6 sec.

time per iter. (ɛ=1e-6)
Cholesky: 1.7+10.9 sec.

ours: 1.7+2.5 sec.
high

density

low
density

Fig. 24. The surface fluid simulation [Azencot et al. 2015] involves solving

different linear systems at each time step. Our method reuses the precom-

puted hierarchy and leads to a faster solver in contrast to the direct solver.

We split the runtime of other procedures (black) and the runtime of solving

the linear system (red and blue). Note that this runtime comparison is in

MATLAB using the original implementation from [Azencot et al. 2015].

balloon inflation (#V: 139K)

Cholesky: 27.2+561.5 sec.  ours: 27.2+20.0 sec.

Fig. 25. Replacing the Cholesky solver with our surface multigrid method,

we can accelerate the linear solve part in the balloon simulation proposed

by [Skouras et al. 2012] by 28× so that solving linear systems becomes no

longer the bottleneck of the algorithm.

In many simulation algorithms, the system matrix A changes at

every time step. In Fig. 24, we demonstrate the speed-up of our

multigrid solver on a surface fluid simulation [Azencot et al. 2015].

Note that the surface fluid simulation is evaluated in Matlab (for

both the direct solver and our multigrid) respecting the original

implementation. In Fig. 25, we evaluate our method on a balloon

simulation method proposed by [Skouras et al. 2012]. Due to the

speedup of our multigrid method, we shift the bottleneck of balloon

simulation away from solving linear systems.

7 DISCUSSION

Table 1. Multigrid runtime.

profile (sec.) Fig. 23

precompute 50.6

total solve time 1.44

1. prepare P
⊤
AP 0.72

2. relaxation 0.38

3. prolong & restrict 0.10

4. get residual norm 0.10

5. others 0.14

In our experiments in Sec. 6,

we evaluate our runtime us-

ing a simple serial implemen-

tation of our method. In Ta-

ble 1, we further provide a de-

tailed runtime decomposition

of the experiment in Fig. 23 as

a representative example. We

can observe that preparing

the matrix hierarchy P
⊤
AP

and doing the relaxation take

most of the time when solv-

ing a linear system. Thus, we can achieve even more speedup if we

leverage the structure of the problem when computing the matrix

hierarchy, such as the data smoothing detailed in App. E, or a paral-

lel implementation of the entire V-cycle. To validate our hypothesis,
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our initial attempt uses CPU to parallelize the Gauss-Seidel method

based on graph coloring. This reduces the runtime of our relaxation

from 0.38 seconds down to 0.17 seconds (2.2× speedup) for the ex-

periment in Fig. 23. Similarly, for the top and the bottom examples

in Fig. 20, the fast Gauss-Seidel accelerates the relaxation by 1.8×

and 3.3× repetitively. We provide details about our graph coloring

Gauss-Seidel in the App. A for completeness. An even higher speed-

up can be expected via a GPU implementation of the Gauss-Seidel

relaxation (cf. [Fratarcangeli et al. 2016]). Besides the Gauss-Seidel

relaxation, parallelizing the entire solver could also be an interesting

future direction to accelerate our method.

8 LIMITATIONS & FUTURE WORK

We present a geometric multigrid solver for triangulated curved

surfaces. Multigrid methods are asymptotically faster than direct

solvers, thus it offers a promising direction for scalable geometry

processing. Our multigrid method can obtain a fast approximation of

the solution with orders of magnitude speedup. However, obtaining

a highly accurate solution would require more iterations which

results in a less significant speed-ups. For higher-order problems,

our method may not converge to high accuracy because our choice

of linear interpolation is insufficient [Hemker 1990]. Thus, exploring

high-order prolongation (e.g., subdivision barycentric coordinates

[Anisimov et al. 2016]) or learning-based prolongation (e.g, [Katrutsa

et al. 2020]) would also be valuable directions to improve the solver.

Another interesting direction to improve the solver is to use our

multigrid solver as the pre-conditioner for other solvers such as the

conjugate gradient method.

Developing a reliable and robust surface multigrid solver would

be an important next step. Our current solver is more sensitive to the

triangle quality of the input mesh compared to the existing direct

solver. In our experiments, we remesh troublesome input shapes

using available methods [Hu et al. 2020; Jakob et al. 2015; Schmidt

and Singh 2010]. A better future approach would be extending our

self-parameterization to the entire remeshing process, to maintain

bijectivity from the remeshed object to the input mesh. Having a

deeper understanding of the relationship between the convergence

and mesh quality would give insights towards developing a suitable

remeshing algorithm for surface multigrid solvers. Achieving this

may also require theoretical tools to estimate the convergence prop-

erty, such as extending the Local Fourier Analysis from subdivision

meshes [Gaspar et al. 2009] to generic unstructured meshes. Once

surface multigrid has become a reliable solver for linear systems on

manifold meshes, generalizing it to non-manifolds or point clouds

would be another exciting future direction.

Another avenue for future work is to further optimize each com-

ponent of the prolongation construction and multigrid solver rou-

tines. Although our method outputs a bijective map in most cases,

bijectivity is not guaranteed. A more rigorous analysis is required to

identify potential edge cases that may result in non-bijective maps.

Currently, we use off-the-shelf simplification and distortion objec-

tives (as-rigid-as-possible [Liu et al. 2008] and conformal [Lévy et al.

2002] energies), but these methods that are designed for other pur-

posesmay not be the optimal ones for surfacemultigridmethods. For

instance, we notice that the distortion in the self-parameterization is

not closely correlated to the convergence of our multigrid solver (see

Fig. 14). We however use the off-the-shelf parameterization energy

designed to measure the distortion in our multigrid solver. Devel-

oping simplification and parameterization methods tailored-made

for multigrid solver performance could further improve eventual

solver speed.

The relationship between multigrid convergence and bijectivity

requires a deeper understanding. Although we empirically demon-

strate the superior performance of our prolongation compared to

other non-bijective prolongations, bijectivity is not required for a

multigrid method to converge. In our construction, we even pay the

price of high distortion to achieve bijectivity along the boundary

(zoom in Fig. 6). Thus, a deeper understanding of the connections be-

tween distortion, bijectivity, and multigrid convergence is important

to reach optimal performance.
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graph coloring reordering

Fig. 26. Given a system matrix with the sparsity pattern showing on the

left, we first use a greedy graph coloring approach detailed in Alg. 3 to

“paint” the variables that are independent of each other with the same color

(middle). Then we perform reordering to group the variables with the same

color together (right) to parallelize our Gauss-Seidel relaxation.

Algorithm 3: Graph Coloring

1. sort nodes {ni } by degree

2. pallette← {}
3. for each node ni do
4. N ← gather colors from painted neighbors of ni
5. c ← find first entry in pallette not occurring in N

6. if c is not found then
7. c ← new color

8. append c to pallette

9. else
10. move c to back of pallette

11. paint ni with color c

A MULTI-COLOR GAUSS SEIDEL

Our multigrid method spends a lot of the runtime on the Gauss-

Seidel relaxation. We further accelerate the Gauss-Seidel relaxation

by exploiting graph coloring (see Fig. 26), a standard optimization.

Specifically, we treat the non-zero off-diagonal entries of a given

sparse matrix A as a graph. We color this graph so that each node

has a different color from its neighbors using a simple modification

of the method proposed by Welsh and Powell [1967], summarized

in Alg. 3 and repeated here for completeness. We color each node

in descending order of degree. When considering node i , we try
each color from a list of k colors that have been previously used for

nodes (1, · · · , i − 1). A color choice is valid if not matching any of

the previously colored neighbors of node i . If valid, node i is colored
and that color is moved to the back of the list. If no valid color is

found in the list, a new color is used and added to the back of the

list. This algorithm hasO(|V |loд |V |+ |E |k) runtime andO(|V |+ |E |)
memory complexity, respectively, where k is the number of output

colors (for sparse matrices, k ≪ |V |). Although suboptimal (finding

the optimal coloring is NP-complete), it handily outperforms the

method of [Fratarcangeli et al. 2016] in runtime, memory usage, and

color parsimony. By moving selected colors dynamically to the back

of the list, we achieve better color balance (see, e.g., Fig. 26) than

considering the list in fixed order of insertion.

B DIRICHLET BOUNDARY CONDITIONS

Solving a linear system Ax = b is equivalent to minimizing a qua-

dratic energy

E(x) =
1

2

x
⊤
Ax − x⊤b (7)

where one can derive the same linear system by setting ∂E/∂x = 0.

One way to handle Dirichlet boundary conditions x(known) = c

is to reformulate the quadratic energy using only the unknown

variables. Here we use known and unknown to represent indices of

knowns and unknowns. We further use xk = x(known) to denote

known variables and xu = x(unknown) for unknown variables in

x. For matrices, we follow the same notation. For example, we use

Auk = A(unknown, known) to represent the corresponding sub-

block in matrix A. We then rewrite the energy as (assuming A is

symmetric)

E(xu ) =
1

2

x
⊤
u Auuxu + x

⊤
u Auk xk − x

⊤
u bu + constant. (8)

By setting the derivative to zero, we can derive a reduced linear

system for only unknowns

Auu︸︷︷︸
LHS

xu = −Auk xk + bu︸           ︷︷           ︸
RHS

(9)

We can leverage the same trick to incorporate Dirichlet con-

straints in the multigrid system. We use xc to denote the coarse

variable such that x = Pxc where the P is the Galerkin prolongation

operator. We can then write the unknowns as

xu = Pu :xc (10)

where Pu : = P(unknown, :) (MATLAB notation) represents the rows

of P that correspond to the unknown indices. Adding this to Eq. (11)
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leads to

E(xc ) =
1

2

(Pu :xc )
⊤
Auu (Pu :xc ) + (Pu :xc )

⊤
Auk xk (11)

− (Pu :xc )
⊤
bu + constant. (12)

=
1

2

x
⊤
c P
⊤
u :AuuPu :xc + x

⊤
c P
⊤
u :Auk xk (13)

− x⊤c P
⊤
u :bu + constant. (14)

Similarly, setting the derivative with respect to xc results in

P
⊤
u :AuuPu :︸       ︷︷       ︸

reduced LHS

xc = P
⊤
u :(−Auk xk + bu )︸                 ︷︷                 ︸

reduced RHS

(15)

We can notice that, except at the second finest level where we

need to extract the rows in prolongation that correspond to the

unknowns Pu :, we can solve the linear system at coarser levels

without worrying about the constraints.

Another special case may occur when there are too many known
indices. If too many variables in x are given the reduced system

P
⊤
u :AuuPu : may have completely zero rows/columns. To handle this

edge case, we further remove the columns on Pu : where the maxi-

mum value is zero and the corresponding rows in the prolongation

at the next level.

C SUCCESSIVE SELF-PARAMETERIZATION

Our pre-computation of multigrid hierarchy involves decimating the

triangle mesh with successive self-parameterization and mapping

vertices on the fine mesh to the coarse mesh to obtain their barycen-

tric coordinates. We report the runtime of both pre-computation

steps in Fig. 18.

Implementing successive self-parameterization only requires a

small change to an existing edge collapse algorithm. Specifically,

right after collapsing a single edge, the only modification is to use

the method described in Sec. 4.2 and Sec. 4.3 to formulate the joint

variable and then flatten both patches to a consistent UV domain. To

determine whether the collapse and the flattening is valid, we refer

to the Appendix B in [Liu et al. 2020] for more details. During the

querying stage, for a given query point represented as barycentric

coordinates, we simply go through the list of local joint UV param-

eterization we stored from the decimation stage and update the

barycentric coordinates successively using the method described in

Fig. 8. We pre-store the face indices involved in each edge collapse

so that for each query point, we can easily check whether this point

is involved in the collapse via checking the face indices.

D ABLATION STUDY

In addition to the prolongation operator, the hyperparameters of a

multigrid method also play a role in the convergence behavior. In

terms of stopping criteria, the accuracy ε depends on the problem

and the size of the mesh. We usually set 10
−5 ≤ ε ≤ 10

−
in order

to get visually indistinguishable results compared to the ground

truth. Using a reasonable initialization, such as the vertex positions

in the previous iteration in mesh deformation, would further re-

duce the number of iterations to get the desired accuracy. For other

hyperparameters, we conduct ablation studies on the choice of re-

laxation methods, pre-/post-relaxation iterations µpre, µpost, and the

relaxations relax iterations coarsening ratio
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Fig. 27. We conduct an ablation study on the multigrid hyperparameters,

including the relaxation method (left), the number of relaxation iterations

(middle), and the coarsening ratio (right). ©model by Oliver Laric under CC

BY-NC-SA.

coarsening ratio between consecutive levels (see Fig. 27). In terms

of the relaxation methods, Gauss-Seidel is usually the go-to choice

due to its effectiveness in smoothing out the high-frequency error.

Practitioners may also prefer the (damped) Jacobi because it is faster

and easier to parallelize, even though each iteration is less effective.

In terms of the number of relaxation iterations, usually a couple of

iterations (2 or 3) are sufficient to handle the high-frequency error.

While we also notice that some multigrid methods (e.g., [Xian et al.

2019]) use lower-order prolongation with many more relaxation

iterations to compensate for the inter-grid transfer error. In terms of

coarsening ratio, using a less aggressive coarsening (e.g., 0.5) could

reduce the error caused by the inter-grid transfer, but it often results

in a bigger multigrid hierarchy and a longer runtime per cycle. On

the other hand, using a more aggressive coarsening often leads to

large inter-grid transfer error and slow convergence. Our default

setup coarsens the geometry down to 0.25 of its previous resolution

until we reach the coarsest mesh with no lesser than 500 vertices.

In each V-cycle, we use the Gauss-Seidel relaxation with 2 pre- and

post-relaxation iterations. Our experiments suggest that the optimal

set of parameters that minimizes the wall-clock runtime depends

on the geometry and the PDE of interest. But we use our default

parameters for all our experiments in Sec. 6 for consistency.

E FAST DATA SMOOTHING

When we discretize the data smoothing energy Eq. (6), we often

arrive the following linear system

(αQ + (1 − α)M)︸               ︷︷               ︸
A

x = (1 − α)Mf (16)

where Q is a matrix that depends on the choice of the smoothness

energy, M is the mass matrix, f is the noisy function, and α is

the smoothness parameter. In order to build the coarsened system

matrix, a straightforward implementation would be doing P
⊤
AP

directly, but we can actually split the computation via

P
⊤
AP = α(P⊤QP) + (1 − α)(P⊤MP). (17)

Then we can pre-compute P
⊤
QP and P

⊤
MP even before knowing

the parameter α . As a results, during the online stage when a user

adjusts α , we only require an efficient matrix addition to compute

the system matrices for all the multigrid levels.
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