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Parallel Transport on the Cone Manifold of SPD
Matrices for Domain Adaptation

Or Yair

Abstract—In this paper, we consider the problem of domain
adaptation. We propose to view the data through the lens of co-
variance matrices and present a method for domain adaptation us-
ing parallel transport on the cone manifold of symmetric positive-
definite matrices. We provide rigorous analysis using Riemannian
geometry, illuminating the theoretical guarantees and benefits of
the presented method. In addition, we demonstrate these benefits
using experimental results on simulations and real-measured data.

Index Terms—Positive definite matrices, domain adaptation,
transfer learning, parallel transport.

1. INTRODUCTION

HE increasing technological sophistication of current data

T acquisition systems gives rise to complex, multimodal
datasets in high-dimension. As a result, the acquired data do not
live in a Euclidean space, and applying analysis and learning al-
gorithms directly to the data often leads to subpar performance.
To facilitate the analysis and processing of such data, one ap-
proach is to observe complex high-dimensional data through the
lens of objects with a known non-Euclidean geometry. Notable
examples of such objects are Symmetric and Positive Definite
(SPD) matrices, which live on a cone manifold with a Rieman-
nian metric. One of the most common forms of SPD matrices is
a covariance matrix, which captures the linear relations between
the different data coordinates. These relations are typically sim-
ple to compute, and therefore, recently, have become popular
features in many applications in computer vision, medical imag-
ing, and machine learning [1]-[4]. In particular, in [5], [6], the
Riemannian geometry of covariance matrices was studied and
exploited for medical imaging and physiological signal analysis.
Typically, Riemannian geometry is used to map objects from
the non-Euclidean manifold to a linear Euclidean space by pro-
jection onto a tangent plane of the manifold. In existing work,
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the use of Riemannian geometry is usually limited to a single
tangent plane. This indicates a hidden assumption that the SPD
matrices corresponding to the data are confined to a local region
of the manifold. However, the SPD matrices of the data often
do not live in a small neighborhood on the manifold, and thus
the resulting calculations may be inaccurate.

One such particular scenario, in which SPD matrices span
a large portion of the cone manifold, occurs when the data
comprise multiple domains corresponding to multiple sessions,
subjects, batches, etc. For example, we will show that in a Brain-
Computer-Interface (BCI) experiment, the covariance matrices
of data acquired from a single subject in a specific session cap-
ture well the overall geometric structure of the data. Conversely,
when the data consist of measurements from several subjects or
several sessions, then the covariance matrices do not live in the
same region of the manifold.

Often, multi-domain data pose significant challenges to learn-
ing approaches. For example, in the BCI experiment, it is chal-
lenging to train a classifier based on data from one subject (ses-
sion) and apply it to data from another subject (session). This
problem is largely referred to as domain adaptation or trans-
fer learning, and it has attracted a significant research effort in
recent years [7], [8].

Broadly, in domain adaptation, the main idea is to adapt a
given model that is well performing on a particular domain, to a
different yet related domain [7], [8]. Specifically, in the context
of the cone manifold of SPD matrices, previous work proposed
(geometric) mean subtraction as a simple method for domain
adaption of BCI data [6]. Although this approach provided rea-
sonable results for overcoming the differences between multiple
sessions of a single subject, we show here that it fails to over-
come the differences between multiple subjects. In [3], a Parallel
Transport (PT) approach was proposed, which can be applied
either directly to the data, or to a generative model of the data
to reduce the computational load for large datasets. However,
their approach considers a general Riemannian manifold. Since
there is no closed-form expression of PT on Riemannian mani-
folds, besides the sphere manifold and the manifold of all SPD
matrices [1], [4], no specific scheme or algorithm was provided.
We note that PT can be approximated using Schild’s Ladder [9],
an approach that has been used extensively on the manifold of
imaging data [4], [5], [9], [10].

In this paper, we propose a domain adaptation method us-
ing the analytic expression of PT on the cone manifold of
SPD matrices. We claim that this is a natural and efficient so-
lution for domain adaptation, which enjoys several important
benefits. First, the solution is specially designed for SPD
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matrices, which have proven to be good features of data in a
gamut of previous work [5], [6], [10]. Second, the analytic form
of PT on the cone manifold circumvents approximations. Third,
PT can be efficiently implemented, in contrast to the compu-
tationally demanding Schild’s Ladder approximation. We es-
tablish the mathematical foundation of the proposed domain
adaptation method. To this end, we provide new results in the
geometry of SPD matrices. In addition, we show applications
to both simulation and real recorded data, obtaining improved
performance compared to the competing methods.

We note that an important requirement of the presented do-
main adaptation is that the covariance matrices are strictly pos-
itive. Indeed, positive semi-definite matrices lie at the boundary
of the cone manifold of SPD matrices, and applying PT is not
possible; technically, PT involves the inverse of SPD matrices,
which does not exist if the matrices are only positive semi-
definite. This requirement entails that a sufficient number of
samples needs to be available, so that the covariance matrices
are positive and can be accurately estimated. Specifically, if
the number of samples over time is smaller than the dimension
of the observations, the associated covariance matrices are low
rank and only positive semi-definite. In order to relax this re-
quirement and to promote strictly positive covariance matrices,
some regularization could be considered, or alternatively, di-
mensionality reduction methods could be applied to preprocess
the data.

Broadly, the use of positive semi-definite matrices may arise
in many other situations as well. One prominent case is when
positive semi-definite kernel functions are used as features in-
stead of the covariance matrices. Using kernel functions could
be highly beneficial since kernels can naturally accommodate
nonlinear relationship between the data samples. In addition, in
contrast to the covariance, kernel functions have the ability to
capture the dynamics of time series.

In [11], an extension of the Riemannian framework to pos-
itive semi-definite matrices with a fixed rank was presented,
which includes the corresponding Riemannian metric and the
geodesic path. While this work allows the extension of some of
the concepts presented in this paper, the main ingredient, PT, is
still lacking and needs to be developed. This extends the scope
of this paper and will be addressed in future work.

In parallel to our study, recent work [12] has proposed a
scheme for transfer learning using the Riemannian geometry
of SPD matrices, with a tight connection to the present work.
We will show that the affine transformation proposed in [12]
can be recast as PT. In this paper we provide the mathematical
foundation to analyze this transport, we discuss the advantage
of our solution compared to [12], and we point out the special
case in which the two methods coincide.

In this paper we present an unsupervised approach for domain
adaptation. Due to the lack of labeled data and of prior statistical
models, the criterion of successful adaptation is not explicitly
defined. As a result, the relatedness of two domains [13], that
is the definition of a measure of how much two domains are
related is challenging and is not provided in the present work.
This is an important component in domain adaptation, since the
adaptation of unrelated domains could lead to poor, or even ‘neg-
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ative’, results. This problem will be the subject of future work,
focusing on the statistical moments (or the principal directions)
of the obtained joint representation. The alignment between the
moments of the representation of two domains will facilitate the
definition of relatedness and adaptation refinement.

This paper is organized as follows. In Section II, we present
preliminaries on the Riemannian geometry of SPD matrices.
In Section III, we formulate the problem, present the proposed
domain adaptation method, and provide mathematical analy-
sis and justification. Section IV shows experimental results on
both simulation and real data. Finally, we conclude the paper in
Section V.

II. PRELIMINARIES ON RIEMANNIAN GEOMETRY OF
SPD MATRICES

In this section we provide the preliminaries regarding SPD
matrices, and we refer the reader to the book [14] for a detailed
exposition of this topic. We note that in this paper we focus
on covariance matrices, however the statements also hold for
general SPD matrices. By definition, an SPD matrix P € R"*"
has only strictly positive eigenvalues. An alternative definition is
that for any vector v # 0 the quadratic form is strictly positive,
ie., v Pv > 0.

A. Metric and Distance

The definition of an SPD matrix entails that the collection
of all SPD matrices constitutes a convex half-cone in the vec-
tor space of real n X n symmetric matrices. This cone forms a
differentiable Riemannian manifold M equipped with the fol-
lowing inner product

(81,82} = (PESIPEPESPTE) ()

where 7p M is the tangent space at the point P € M, S,S; €
TpM, and (-, -) is the standard Euclidean inner product oper-
ation. The symmetric matrices S € 7p.M in the tangent plane
live in a linear space, and therefore, we can view them as vec-
tors (with a proper representation). Throughout this paper, we
interchangeably use the terms vectors and symmetric matrices
when referring to S € Tp M.

This Riemannian manifold is a Hadamard manifold, namely,
itis simply connected and it is a complete Riemannian manifold
of non-positive sectional curvature. Manifolds with non-positive
curvature have a unique geodesic curve between any two points,
a property that will later be exploited. Specifically, the unique
geodesic curve between any two SPD matrices Py, Py € M is
given by [14, Thm 6.1.6]

1 1 1\ 1 1
p(t) = P{ (PFPQPF) P, 0<t<1 (2

The arc-length of the geodesic curve defines the following Rie-
mannian distance on the manifold [14]:

_1 1N (12
& (P, Py) = Hlog (P2 "p,P,’ ) HF

n 1 s
=Y log? ()\i (P22P1P2 2))
i=1
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Fig. 1. The cone manifold of 2 x 2 SPD matrices. The black dots mark the
boundary of the cone (i.e., matrices with eigenvalue zero). Each magenta curve
is the geodesic between pairs of matrices (blue circles and green squares). All the
geodesic curves are of the same length (i.e., the Riemannian distance between
all the pairs is equal).

where Py, Py € M, || - ||F is the Frobenius norm, log(P) is
the matrix logarithm, and \; (P) is the i-th eigenvalue of P. We
additionally denote by %(p(t) = ¢/(t) € T,(+)M the velocity
vector of the geodesic at ¢ € [0, 1]. Figure 1 presents an illus-
tration of the geodesic curve and the Riemannian distance. The
cone manifold of 2 x 2 SPD matrices can be displayed in R?,
since any symmetric matrix P = (;/ ¥) is positive if and only
ifz>0,2z>0andy’ < zz.

B. Exponential and Logarithm Maps

The Logarithm map, which projects an SPD matrix P; € M
to the tangent plane 7p. M at P € M, is given by

S; = Logp(P;) = Pt log (P 7 P,P 7)P% € TpM
The Exponential map, which projects a vector S; € 7p.M back
to the manifold M is given by

P, =Expp(S;) = Prexp (P *S, P 7)Pr e M (3)

An important property relates the Logarithm and Exponential
maps to the geodesic curve. Formally, let P, P, € M, and
consider the (unique) geodesic ¢(t) from P to Ps. The initial
velocity ¢'(0) € 7p, M is given by the Logarithm map ¢’ (0) =
Logp, (P2). Similarly, the Exponential map projects the initial
velocity vector ¢'(0) back to P, namely, P> = Expp (¢'(0)).

C. Riemannian Mean

The Riemannian mean P of a set { P;|P; € M} is defined
using the Fréchet mean:

PA i d% (P, P; 4
argggﬁzi: 2 (P, P)) 4)
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A special case is the Riemannian mean P of two SPD matri-
ces Py, P, € M, which has a closed-form expression, and is
located at the midpoint of the geodesic curve:

1
P=w(})=Pi (Pi" PP 7)) P

Generally, for more than two matrices, the solution of the opti-
mization problem (4) can be obtained by an iterative procedure.
Barachant er al. [6] presented an algorithm based on [15] for
estimating the Riemannian mean. For completeness, we include
their algorithm in Appendix F.

Givenaset { P;|P; € M} and its Riemannian mean P, there
is a commonly used approximation of the Riemannian distances

on M in the neighborhood of P. Specifically, the approximation
of the Riemannian distance d% is given by:

& (Pi. Pj) ~ |8 - 8|, o)
1

- _ 1 _ 1
where S; = P ?Logp(P;)P 2. For more details on the ac-
curacy of this approximation, see [2].

III. DOMAIN ADAPTATION WITH PARALLEL TRANSPORT

A. Overview

Let X(1) = {mfl)(t)}f\zll and X(?) = {ml(-z)(t)}fvjl be two
subsets of N; and Vs high-dimensional time series, respectively,
where wgk) (t) € RP. Suppose each subset lives in a particular
domain, which could be related to the acquisition modality,
session, deployment, and set of environmental conditions. In
our notation, the superscript k& denotes the index of the subset,
the subscript ¢ denotes the index of the time-series within each
subset, and ¢ represents the time axis of each time-series.

Our exposition focuses only on two subsets, and the gener-
alization for any number of subsets is discussed at the end of
this section. In addition, we consider here time-series, but our
derivation does not take the temporal order into account, and
therefore, the extension to other types of data, where ¢ is merely
a sample index, e.g., images, is straight-forward.

Analyzing such data typically raises many challenges. For
example, a long-standing problem is how to efficiently compare
between high-dimensional point clouds, and particularly, time-
series. When the data are measured signals, sample comparisons
become even more challenging, since such high-dimensional
measured data usually contain high levels of noise.

In particular, in our setting, we face an additional challenge,
since the data is given in different domains; comparing time-
series from the same subset is a difficult task by itself, even more
so is comparing time-series from two subsets from different
domains.

Our goal is to find a new joint representation of the two subsets
in an unsupervised manner. Broadly, we aim to devise a low-
dimensional representation in a Euclidean space that facilitates
efficient and meaningful comparisons. For the purpose of eval-

uation, we associate the time-series :I:Ek) (t) with labels yf“ and
define “meaningful” comparisons with respect to these labels.
More concretely, we evaluate the joint representation by the Eu-
clidean distance between the new representation of any two
time-series with similar corresponding labels, independently

of the time-series respective domain. We emphasize that the
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proposed approach is unsupervised and it does not depend
on the labels, which are only considered for the purpose of
evaluation.

Devising such a new representation will facilitate efficient
and accurate domain adaptation schemes. Specifically, given a
subset {:L'El)(t)}f-ill with corresponding labels {yl(l)};fvzll, we
could train a classifier based on the new derived representation
of the subset. Then, when another unlabeled subset {wig) (1
becomes available, we could apply the trained classifier to the
derived (joint) representation of the latter subset.

B. Illustrative Example

To put the problem setting and our proposed solution in con-
text, throughout the paper, we will follow an illustrative exam-
ple, taken from the brain computer interface (BCI) competition
IV (dataset IIa) [16]. Consider data from a BCI experiment
of motor imagery comprising of recordings from D = 22 Elec-
troencephalography (EEG) electrodes. The dataset contains sev-
eral subjects, where each subject was asked repeatedly to per-
form one out of four motor imagery tasks: movement of the
right hand, the left hand, both feet, and the tongue.

Let X1 = {acgl) (t)}1, be a subset of recordings acquired
from a single subject, indexed (1), where the time-series mlm (t)
consists of the signals, recorded simultaneously from the D
EEG channels during the ¢-th repetition/trial. Each time series
w?l) (t) is attached with a label ygl) , denoting the imagery task
performed at the the ¢-th trial. Common practice is to train
a classifier based on X1, so that the imagery task could be
identified from new EEG recordings. This capability could then
be the basis for devising brain computer interfaces, for example,
to control prosthetics.

Suppose a new subset X2 = {x\* (1)}, of recordings
acquired from another subject, indexed (2), becomes available.
Applying the classifier, trained based on data from subject (1),
to the new subset of recordings from subject (2) yields poor
results, as we will demonstrate in Section IV-B. Indeed, most
methods addressing this particular challenge, as well as related
problems, exclusively analyze data from each individual subject
separately. By constructing a joint representation for both x'(*)
and X(?)| which is oblivious to the specific subject, we develop
aclassifier that is trained on data from one subject and applied to
data from another subject without any calibration, i.e., without
any labeled data from the new (test) subject.

C. Covariance Matrices as Data Features

As described before, we suggest looking at the data through
the lens of covariance matrices. We denote the covariance ma-
trices by:

where u§k> = ]E[wgk) (t)]. Typically, since the statistics of the

data is unknown, we use estimates of the covariance, such as
the sample covariance. We note that our approach is applicable
to any kind of input data given as SPD matrices. For example,
in machine learning, common practice is to use kernels which
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represent an inner product between features after some non-
linear transformation [17].

By using covariance matrices as data features we enjoy a
few key benefits. First, since covariance matrices are computed
from data by averaging over time, they tend to be robust to
noise. Second, covariance matrices can be seen as a low dimen-
sional representation. Third, they have useful geometric proper-
ties and a well-developed Riemannian framework, as described
in Section II. Particularly, they have a Riemannian metric (3),
facilitating appropriate data samples comparisons, which is a
basic ingredient of many analysis and learning techniques. In
this work, we build on and extend the latter.

Recently, the usefulness of covariance matrices has been
demonstrated in the context of the BCI problem [6]. There,
Barachant et al. considered data from a single subject and pro-
posed to project the covariance matrices { P; } of the recordings
from each trial (after some whitening) into the tangent plane
of the Riemannian mean P, namely compute S; = Logg (P;).
Then, a classifier was trained on the set {S;}. Using this ap-
proach, state of the art results for motor imagery task classifica-
tion were obtained. However, when considering several subsets
from multiple domains, such as different sessions or subjects,
as reported in [6], the covariance matrices convey a domain-
specific content, which in turn poses limitations on task classifi-
cation. For multiple sessions on different days, Barachant et al.
proposed to subtract the Riemannian mean from each subset,

namely, to project each subset P(*¥) = {ng)} to the tangent
space at its own mean. Indeed, when the train set and the test
set were obtained on different days, this mean normalization
improved the task classification rate. However, in the case of
multiple subjects, this approach is inadequate. As mentioned
before, given recordings from one subject as a train set and
recordings from another subject as a test set, the classification
of the different mental tasks based on covariance matrices fails
completely.

This illuminates the primary challenge addressed in this work
— how to build a representation so that any two covariance ma-
trices associated with the same mental task, but from possibly
different sessions or subjects, will be given a similar repre-
sentation. Importantly, since the task labels are unknown, this
objective cannot be directly imposed. In the sequel, we exploit
the Riemannian geometry of covariance matrices, and devise
such a representation in an unsupervised manner by preserving
local geometric structures.

D. Formulation

Consider two subsets P1) and P2 from two different do-
mains consisting of /N; and N, covariance matrices, respec-

tively. Let P and P be their respective Riemannian means.
Let ¢(t), given explicitly in (2), denote the unique geodesic from

P 1o P such that ©(0) = P and (1) = Y. Finally,

let Sl(-k) be the symmetric matrix (or equivalently, the vector)
(k)

in the tangent space TF“” M, obtained by projecting P, to

T—(A‘)MI

P

ka) = Logﬁ(m (P(k))

i
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fork € {1,2} andi € {1,2,..., N;}.
Our goal now is to derive a new representation I'(.S 52> Jof S ,EZ)
given by the map I': T2y M — T51) M, such that {551)}

and {F(SEQ))} live in the same space. This allows us to relate
samples from the two subsets, and compute quantities such

as (Sgl),F(S§-2>)>fu). In addition, we require that the new
representation will fulfill the following properties:

1) Zero mean:

N,
N%Zr(sf)) =+ ng” —0
i=1 ]

2) Inner product preservation:

(1) (7)) =55

foralli,j € {1,...,Ny}.
3) Geodesic velocity preservation:

I'(¢'(0)) =#'(1) (6)

Properties (1) and (2) imply that the new representation I'
preserves inter-sample relations, defined by the inner product.
Note that a map I satisfying properties (1) and (2) is not unique;
for any I" admitting to properties (1) and (2), the composition
RoTl, where R is an arbitrary rotation within the subspace
Tﬁm M, satisfies properties (1) and (2) as well. To resolve this
arbitrary degree of freedom, we use the geodesic between two
points on the SPD manifold, which is unique [14]. Concretely,
in property (3), the two intrinsic symmetric matrices (vectors)
¢'(0) € T M and ¢'(1) € To51) M, induced by the velocity
of the unique geodesic at the source and destination, are used to
fix a rotation and to align the subset {I'(S 52) )} with the subset
{si"1.

We remark that the above properties imply that the subset
{I‘(S§2>)} is embedded in the (-,-)5) inner product space.
In the sequel, we will describe how to circumvent the depen-
dence of the inner product space on ﬁm and make the new
representation truly Euclidean by pre-whitening the data. Addi-
tionally, note that the mean subtraction presented in [6] admits
only properties (1) (2).

E. Domain Adaptation

First, we explicitly provide the expression for parallel trans-
port on the SPD cone manifold, and then we use it to define the
map I'.

Lemma 1 (Parallel Transport): Let A, B € M. The PT
from B to A of any S € 7g.M is given by:

I'p.a(S)= ESE" (7

where E = (AB_l)%.

This lemma was presented in [1, Eq. 3.4]. The proof of the
lemma is given in Appendix A and it is based on [18]. An
illustration of the PT on the SPD manifold is presented in Fig-
ure 2. Note that the inner products between the three vectors
in the figure are preserved under the parallel transport I'p_, 4
and the appearance could be misleading since the space is not
Euclidean.
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seeialpoa (S1)
veiaTpoa (S2)

Fig. 2. Illustration of the PT on the SPD manifold. A and B are two SPD
matrices, and ¢ is the unique geodesic between them. We plot three vectors in
T M: ¢'(0), S1 and Sy along with their corresponding parallel transported
vectors to 7g M usingI'p_. 4.

P (Sl(?)) given by

) is well defined and

Theorem 1: The representation Fﬁ(g)

the unique PT of S'* from P 0P
satisfies properties (1)—(3).
The proof is given in Appendix B.
Theorem 1 sets the stage for domain adaptation. We propose
amap ¥ : M — M that adapts the domain of the subset of
SPD matrices P?) to the domain of the subset P(1). For any

P§2> € P, the map \I/(PEQ)) is given by

U (P§2)> =Exp50) (Fﬁm_,ﬁm (LOgﬁ(” (sz)») ®

To enhance the geometric insight, we explicitly describe the
three steps comprising the construction of U:

1) Project the SPD matrix P (o the tangent plane Tﬁm M

by S;”) = Log (P”)).
2) Parallel transport ng) from P to Fm by computing

S§2>_>(1) =TIz 50 (S§2>)'

3) Project the symmetric matrix SEZP(I) € T M back

to the manifold using Exp, (S,E”H(l) ).

The implementation of ¥ can be simplified and made more
efficient by using the following theorem.

Theorem 2: Let A,B,P € M and let S =Logg(P) €
T M. Then,

Expy (Tp_a (S)) = EPE"

where E = (AB_l)%.

In words, the “parallel transport” of an SPD matrix P € M
from B to A is given the same transformation applied to S =
Log g (P). Namely, the “parallel transport” of the SPD matrix P
from B to A is equal to projecting P to the tangent plane at B,
parallel transporting the projection to the tangent plane at A, and
then projecting back to the SPD manifold. As a consequence, we
show in the sequel that the map ¥ in (8) can be written simply
in terms of I'. The proof of Theorem 2 is given in Appendix C.
We note that we present the theorem in a general context, since
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we did not find such a result in the literature and believe it might
be of independent interest.

Theorem 2 enables us to efficiently compute W (Pg2> ), since it
circumvents the computation of the Logarithm and Exponential
maps of the SPD matrix in steps 1 and 3 above. Instead, the
transformation defined by E is computed only once for the
entire set, and (8) can be recast as:

v (PY) =Tper po (P) = EPPE"

C))
where E £ (?m(ﬁ(?))’l)%. Note that this equality is well
defined since any tangent plane to the SPD manifold M is the
entire space of symmetric matrices [18].

Thus far in the exposition, only the uniqueness of the geodesic
curve on the manifold of SPD matrices was exploited, such that
the PT along the geodesic admits the property in (6), namely:
I (¢/(0)) = ¢'(1). Importantly, PT specifically along the unique
geodesic curve exhibits important invariance to the “relative”
location on the manifold.

Definition 1 (Equivalent Pairs): Two pairs (A;, B;) and
(As, By), such that Ay, By, Ay, By € M, are equivalent if
there exists an invertible matrix E such that

A; =T(A)) = EAE”

B, =T(B,)=EB,E"
We denote this relation by
(A1, B1) ~ (A2, By)

Lemma 2: The relation ~ is an equivalence relation.

The proof is straight-forward as we show in the following.

® Reflexivityis satisfied by setting E to be the identity matrix.

o Symmetry:if Ay = EAE” then A, = E"' A, E T and

analogously for B, Bs.

e Transitivity:if Ay = E1 A EIT and Az = EQAQEQT then

A; = EAE" where E = E-FE; and analogously for
B, B;.

In other words, two pairs are equivalent if the relation of
the two matrices in the pair is given by the same transfor-
mation I'. We interpret such equivalent pairs as matrices with
equivalent intra-relations (e.g., if (A1, B1) ~ (A2, Bs), then
dr(A1,B1) = dr(As, By)), but with a different global posi-
tion on the manifold. For example, each two pairs in Figure 1
are equivalent pairs.

Proposition 1: Let (A;,B1) be a pair of SPD matrices
Ay, B; € M, and let [(A;, By)] denote the equivalence class
(A1, B1)] = {(A2, B2) € M x M|(Az2, B;) ~ (A1, B1)},
of all matrix pairs that are equivalent to (A, B;). Then, for
any (AQ,BQ) S [(Al,Bl)]Z

FOFBIﬁAI == FBQ*?AQ ol
where I' (P) = EPE" and E is the transformation defined in
Definition 1.

The proof is given in Appendix D. Note that in this context,
we restrict the operator I to the SPD manifold. This restriction
is based on Theorem 2 and is well-defined since the tangent
plane is the entire space of symmetric matrices and therefore
contains the manifold.

An immediate consequence of Proposition 1 is that the do-
main adaptation via the representation W is invariant to the
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relative position of ﬁ(l) and ?(2) on the manifold, and is con-

structed equivalently for every pair in the equivalence class

To demonstrate the importance of the property above, we re-
visit the illustrating BCI problem. Suppose (P4, Pp1) are
the Riemannian means of the covariance matrices of Sub-
ject A and Subject B recorded in Session 1, and suppose
(ﬁ A2, FBQ) are the Riemannian means of the covariance ma-
trices of Subject A and Subject B recorded in Session 2. If
(P41, Pp1) ~ (P4s, Pyy), then there exists a transformation
I' such that I" encodes the relation between Session 1 and Ses-
sion 2 whereas the relation of the two subjects is encoded by
F?B P, orbyl's e depending on the session. Propo-
sition 1 guarantees the consistence of the relation between Sub-
ject A and Subject B. Namely, the Riemannian mean of Subject
B in Session 2 can be related to the Riemannian mean of Subject
A in Session 1 using the relation between the sessions (given
by I') and the relation between the two subjects (given either
byI's, 5, orbyl's 5,,). independently of the relative
location of the means on the manifold.

F. Extension to K Subsets

Overall, by Theorem 2, for a general number of subsets K >
2, we can apply PT using ¥ (9) directly to the SPD matrices
P = {ng)} without projections to and from the tangent
plane. Let P denote the Riemannian mean of Riemannian means
(centroids) {ﬁ(k)}szl of the subsets, namely,

K
. . 2 *(k‘))
P = argm};nkgl dn (P,P

Each subset P*) is then parallel transported from its corre-
sponding centroid ﬁ(k) to P. Formally, let I‘Ek) denote ng)
after applying PT, which is given by

ka) = Fﬁ(k)ﬁp (P(k)) ) VZ? k

(3

(k)

i

and let S‘E £ be the projection of T’
space (5):

to the Euclidean tangent

(k) - (1;)Afl
S, =10g<P P 2)

This projection, which is further discussed in [6], can be inter-
1

Lo
preted as (i) data whitening by FEM =P 2 I‘ImP 2 and (ii)
projection to 7 M where I is the identity matrix. The projected
symmetric matrices (vectors) S ,(-k> indeed reside in a Euclidean
space. The proposed algorithm is given in Algorithm 1.
We conclude this section with two remarks. First, since the

matrices S’Ek) are symmetric, only their upper (or lower) trian-
gular part with a gain factor of /2 applied to all non-diagonal el-
ements could be taken into account. Second, alternative choices
of P could also be used, for example, the identity matrix. Indeed,
recently [12] proposed to align datasets for transfer learning in a
similar context using the identity matrix as P. However in [12],
the alignment appeared as an empirical affine transformation,
whereas in this work, we provide the geometrical justification
and rigorous mathematical analysis. In case of two domains,
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Algorithm 1: Domain Adaptation Using Parallel Transport
for SPD Matrices.
1)V, 2)\ N, K) Ny k
Input: {PE )}1:17 {PE )}1:17 ey {PE >}¢:[1 where Pz( )
is the SPD matrix associated with the ¢-th element (e.g.,
high-dimensional time-series) in the k-th subset.
Output: {511 {8171 .. (81N where 5"
is the new representation of ng) in a Euclidean space.
1) Foreach k € {1,2,..., K}, compute P the
Riemannian mean of the subset { ng) }.
2) Compute P, the Riemannian mean of {F(k) ME L.
3) For all £ and all ¢, apply Parallel Transport using (7):

I‘gk) = Fﬁm_)jg (P(-k)).

(2

4) For all k and all 7, project the transported matrix to
the tangent space via:

) et
S, —log(P P 2>.

P can be any point on the geodesic between the centroids of
the two domains. Setting such target points leads to the same
representation.

In case of more than two domains, we set P to be the mean
of the centroids for two reasons. First, applying PT to the mean
point leads to the minimal transportation along the SPD cone
manifold. Second, this choice is invariant to the sizes of subsets,
and therefore, can better support unbalanced datasets.

We remark that, in the case of two subsets with means P4 €
M and Py € M, the affine transformation presented in [12]
can be interpreted as two consecutive applications of PT: from
Pp to I and then from I to P 4. The arbitrary choice of I as an
intermediate point introduces dependence of the algorithm on
the global position on the manifold. Indeed, such a procedure,
which can be expressed by I'; 5 oI'p,  ;does not admit the
invariance property specified in Proposition 1.

Interestingly, the method proposed in [12] coincides with the
present work, namely, I's 5, =I'; 5, oI'p, ; whenthe
identity matrix I is on the geodesic ¢ between Py and P 4.
In this case, the matrices P4 and P commute and they have
the same eigenvectors (see Appendix E). From a data analysis
perspective, when P4 and Py are two covariance matrices of
two subsets, this implies that the subsets have the same principal
components.

We set P as the Riemannian mean of the centroids so that the
overall transport applied to the covariance matrices is minimal.
This choice is motivated by the assumption that transporting ac-
cumulates distortions. This is a straight-forward generalization
of the two subsets case, where the parallel transport is carried
out along the shortest path (unique geodesic curve).

IV. EXPERIMENTAL RESULTS

In this section we show the results of Algorithm 1 for both
a synthetic example and for real data. The code for the syn-
thetic example is available online at https://github.com/oryair/
Parallel TransportSPDManifold.
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A. Toy Problem

We generate time series in R2, so that their covariance matri-
ces are in R2*2, Since the covariance matrices are symmetric,
this particular choice enables us to visualize them in R*®. Con-
cretely, any 2 x 2 symmetric matrix A = (; Y) can be visu-
alized in R? using (z,vy,2) € R3. A is positive-definite if and
only if: #,z > 0 and y?> < zz. These conditions establish the
cone manifold of 2 x 2 SPD matrices.

Consider the set of hidden multi-dimensional times series
{si[n]};29, given by:

sin (27 fon/T)
[cos 2n fon/T + ¢;)
where f; = 10, T'= 500, and ¢; is uniformly drawn from
[—7/2,0]. Namely, each time-series s;[n] consists of two os-
cillatory signals and is governed by a l-dimensional hidden
variable ¢;, the initial phase of the oscillations. Indeed, the pop-
ulation covariance of s;[n] is

s; [n] = ], n=20,...,7T—1

1 1 —sin (¢;)

2 [— sin (¢;) 1 }

which depends only on ¢;, and therefore, when presenting the
population covariances of the time-series s;[n] in R?, two co-
ordinates are fixed and only one varies with .

We generate two observable subsets, X'(*) = {mgk) [n]
k = 1,2 such that:

100
=1

z) [n] = M"*)s; [n)

7

where MV is randomly chosen, and M'?) = 1.5(7} )M,
The two subsets X' (1) and X'(?) can be viewed as two different
observations of {s;[n]} through two unknown observation func-
tions M) and M® . For example, X*) and X2 can repre-
sent two different batches, and M (1) and M? can represent

the discrepancy between two different sessions of a particular
(k)

experiment. Foreach ;' [n], we compute its sample covariance

matrix by

PE’“) _ % ngk) ] (wgk) [n])T — MM p, (M(k))T
n

where P;. denotes the inaccessible sample covariance of s;[n],
which is given by:

T-1
P, =+ silnl(si[n])"

n=0
Our goal is to obtain a new representation of the observed data
both in X1 and X(2), which circumvents the effect of M (!
and M) Moreover, in the new representation, we aspire to as-
sociate two observations from possibly different subsets which
have a similar initial phase ¢;.

In Figure 3 we plot the 2 x 2 SPD matrices in R3, where the
black points mark the boundaries of the cone manifold. The red
line marks the center of the cone, given by oI for « € [0, 2],
and the blue point on the red line indicates the identity matrix
I, namely, where o = 1.

Figure 3(a) presents the two subsets P(¥) = {ng) Lk=1,2
of accessible sample covariance matrices, colored by ¢; (left)
and by k (right). We observe that the two subsets P(!) and
P2) are completely separated, while each subset has a similar
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Y&l

(®

Fig. 3.  Synthetic example, applying Steps (1)—(3) of Algorithm 1. (a) Scatter
plot of P5) colored by ¢; (left) and by k (right). (b) Scatter plot of {ka)}
obtained by Algorithm 1 colored by ¢; (left) and by k (right). Note that in
the new representation (b), the two subsets are aligned, namely the discrepancy
caused by M (1) and M(?) is removed while the intrinsic structure given by
¢; is preserved.

structure governed by the values of ¢;. We apply Steps (1)-(3)
of Algorithm 1 to the subsets P(*) to obtain {I‘gk) }.

Figure 3(b) presents {I‘Ek) }, colored by ¢; (left) and & (right).
Now we observe that in the new representation, the two subsets
are aligned, namely the discrepancy caused by M () and M%)
is removed while the intrinsic structure given by ¢; is preserved.
As aresult, we can associate covariance matrices from different
batches but with similar underlying ¢; values. Note that this
was accomplished by Algorithm 1 in a completely unsupervised
manner, without access to the hidden “labels” ¢;.

B. BCI - Motor Imagery

As described in Section 111, we use data from the BCI com-
petition IV [19]. The dataset contains EEG recordings acquired
by 22 EEG electrodes from 9 subjects, where the data from each
subject was recorded on 2 different days of experiments. The
experiment protocol consists of repeated trials, where in each
trial the subject was asked to imagine performing one out of
four possible movements: (i) right hand, (ii) left hand, (iii) both
feet, and (iv) tongue. Overall, in a single day, each movement
was repeated 72 times by each subject, and therefore, the dataset
contains 288 trials from each subject in each day of experiments.

We remark that all the algorithms participating in the compe-
tition reported on poor classification results for particular four
subjects. Since our goal is not to improve the classification of
the data from each subject, we excluded these four subjects
(indexed 2, 4, 5, 6).

Initially, focusing on the data from a single subject, we show
that Algorithm 1 builds a representation of the data which en-
ables us to train a classifier with data from one day of experi-
ments and apply it to data from the other day of experiments.
Then, we further show that Algorithm 1 builds a representa-

¢ il (2)
M 50 50 !
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0 i 0 i ®
’\
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0 8 Subject 8, Day #2| O i Right Hand
® Foot
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Fig. 4. Representation of a single subject’s (#8) recordings from different
days. (a) Scatter plot of the “baseline” {Bfk)} colored by the different day
(left) and by the mental task (right). (b) Scatter plot of {Sﬁ"’)} obtained by
Algorithm 1 colored by the different day (left) and by the mental task (right).
Note the difference between the different days of experiments is completely
removed. More importantly, we further observe that the new representations
of the two subsets are aligned, i.e., we obtain similar representations of two
recordings associated with the same mental task, regardless of their respective
sessions (days of experiments).

tion that allows us to train a classifier based on data from one
subject and apply it to data from a different subject without
any additional labeled trials. Finally, we extend the latter result
and show the performance on multiple subjects. For visualiza-
tion purposes, we apply tSNE [20] to the obtained data from
the different methods. In all the tSNE applications, we set the
perplexity parameter to 20.

1) Single Subject — Different Days: In the first experiment,
we process the recordings of Subject 8 (arbitrarily chosen) from
the two days of experiments. We report that the results for the
other 4 subjects were similar. We denote the subsets of trial
recordings from day k = 1,2 by X(%) = {a:fk)}?isl From the
recordings of each trial ¢, we compute the sample covariance
matrix P € R2222_ and denote P¥) = {P\")}.

To highlight the challenge, we first compute P, the Rie-
mannian mean of all covariance matrices (from both sub-
sets). Then, we project the matrices onto 7; M by computing
ng) = Logp (ng) ). For visualization purpose, we apply tSNE

to the vectors { B 1(1«) }. Figure 4(a) presents the two dimensional
representation of the vectors obtained by the tSNE algorithm.

Namely, each point in the figure is the representation of a vector
B™ . On the left, the points are colored according to the dif-

ferent days (indexed by k& = 1,2), and on the right, the points
are colored according to the mental task. We observe that, sim-
ilarly to the toy problem, the recordings from the different days
are completely separated. This implies that one cannot train a
classifier from the recordings from day 1 and apply it to the

recordings from day 2.
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We apply Algorithm 1 to the subsets P(*) covariance matri-

ces and obtain the subsets S**) = {S,(k)} The matrices Sﬁ’”
are the new representation after applying domain adaptation
(Algorithm 1). These matrices could be transformed into feature
vectors that consist only of elements from the upper triangular
part of the matrices, exploiting the symmetry of the matrices.
By (5), these feature vectors lie in a Euclidean space, where
the Euclidean distance approximates the Riemannian distance
between the corresponding SPD matrices after Parallel Trans-
port. Since our feature vectors lie in a Euclidean space, in all
experiments we use a linear SVM classifier in order to quan-
tify the quality of the representation. Figure 4(b) presents the
two dimensional representation of the vectors S*) obtained
by the tSNE algorithm. On the left, the points are colored ac-
cording to the different days, and on the right, the points are
colored according to the mental task. We observe that the dif-
ference between the different days of experiments is completely
removed. More importantly, we further observe that the new
representations of the two subsets are aligned, i.e., we obtain
similar representations of two recordings associated with the
same mental task, regardless of their respective sessions (days of
experiments).

2) Two Subjects: We repeat the evaluation, but now with the
two subsets X%k = 1, 2 which were recorded from two sub-
Jects, specifically, Subject 3 and Subject 8. We repeat the steps
from the previous examination. We compute P, the Rieman-
nian mean of all covariance matrices (from both subsets). Then,
we project the covariance matrices onto 7 M and apply tSNE
to obtain two dimensional representations. Figure 5(a) presents
the two dimensional representations obtained by the tSNE algo-
rithm. On the left, the points are colored by the subject index,
and on the right the points are colored according to the mental
task. Similarly to the single-subject two-sessions case, we ob-
serve that the recordings from different subjects are completely
separated in the obtained representation.

We also apply the mean transport approach presented in [6].
The mean transport is obtained by projecting each subset of co-
variance matrices P¥) to its own tangent plane Tﬁm M, where

ﬁm is the Riemannian mean of the k-th subset. In other words,
we compute ng = Logﬁm (PZ(-k) ). Figure 5(b) presents the
two dimensional representation obtained by the tSNE algorithm.
We observe that indeed the two subsets are not separated as in
Figure 5(a), however, the inner structure of each subset was not
preserved. Thus, this scheme is insufficient and does not support
training a classifier based on data from one subject and applying
it to data from another subject.

Finally, we apply Algorithm 1 to the subsets P¥), and obtain

the subsets S**) = {S’E g }. Figure 5(c) presents the two dimen-
sional representation of the subsets S(*) obtained by the tSNE
algorithm. We observe that in this representation, the subsets are
not separated. Moreover, the two subsets are aligned according
to the mental tasks, and indeed points that correspond to the
same mental task assumed a similar value in the new represen-
tation. This new representation allows us to train a classifier
using recordings from one subject and apply it to recordings
from another subject.
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Fig.5. Representation of recordings from two subjects (#3 and #8). (a) Scatter
plot of the “baseline” {Bik)} colored by the subject (left) and by the mental

task (right). (b) Scatter plot of the representation of {SE k)} obtained by the
“mean transport”, colored by the subject (left) and by the mental task (right).

(c) Scatter plot of {SE #) } obtained by Algorithm 1 colored by the subject (left)
and by the mental task (right). See the text for details.

3) Multiple Subjects: In the third experiment, we apply
Algorithm 1 to multiple subjects. We processed data from
five subjects (indexed 1, 3, 7, 8 and 9) and from all trials
of the mental tasks: left hand, right hand, foot, and tongue.
We denote the subsets of the recordings by X' (%) = {wgk)} for
k=1,3,7,8,9. As before, we compute the covariance matrices
P = {ng)}. We compute P, the Riemannian mean of all
covariance matrices. Then, we project the covariance matrices
onto 75 M and apply tSNE to obtain a two dimensional rep-
resentation. Figure 6(a) presents the two dimensional represen-
tation obtained by the tSNE algorithm. On the left, the points
are colored by the subject index, and on the right the points
are colored according to the mental task. As before, we ob-
serve that the recordings from different subjects are completely
separated.

Next, we apply Algorithm 1 to the five subsets of covari-
ance matrices P*) and obtain five subsets of new representa-

tions S*) = {§ Ek) }. Figure 5(b) presents the two dimensional
representation of the subsets S) obtained by the tSNE algo-
rithm. We observe that also in the multiple subjects scenario,
Algorithm 1 was able to center and align the subsets.



1806

ala Subject#1 [
80 M, . j 80+ ® LeftHand
s Subject#3 Right Hand
60 ¢ 7| o subject#7 60+ ® Foot
® Subject#8
40  Subject#0 407 o Tengee

= e ggpm

20
-40
-60

(2)

© Subject#
Subject#3
* Subject#7
o Subject#8
* Subject#0

® LeftHand
Right Hand
® Foot
® Tongue

50

(b)

Fig. 6. Representation of recordings from multiple subjects. (a) Scatter plot
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Fig. 7. The classification accuracy obtained by the three competing methods.

To provide quantitative results, we apply a leave-one-subject-
out cross validation, namely, we trained a linear SVM classifier
based on 4 out of the 5 subjects and evaluated the classifi-
cation accuracy for each one of the three methods mentioned
in Section IV-B2. We compare the classification accuracy of
Algorithm 1 to the two other approaches denoted by: (i) “Base-
line (No Transport)”, and (ii) the “Mean Transport” approach
proposed in [6].

Figure 7 presents the classification accuracy obtained using
the three competing methods as a function of the evaluated
subject. In all cases, applying Algorithm 1 to the data dramati-
cally improved the classification accuracy. In addition, Figure 8
presents the confusion matrices per subject. For example, the
second row presents the performance of the three algorithms
when subject #3 was tested. Figure 8 (left) presents the con-
fusion matrices obtained from the data without applying any
transportation (“Baseline”). Figure 8 (center) presents the con-
fusion matrices obtained by the “Mean Transport” approach.
Figure 8 (right) presents the confusion matrices obtained by
Algorithm 1. We observe that Algorithm 1 obtains significantly
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better classification results compared with the “Baseline” and
“Mean Transport” algorithms. In addition, the confusion matri-
ces highlight the challenge in training a classifier from multiple
subject data. For example, in subject #7, the confusion matrices
in Figure 8 (left) and (center), the “foot” mental task falsely
dominated the prediction (it was predicted 227 and 288 times,
respectively, whereas it was performed only 72 times). This im-
plies that the decision regions of the classifiers are completely
misaligned with the data from a new unseen subject.

C. Sleep Stage Identification

Here, we demonstrate the applicability of Algorithm 1 to
real medical signals. Specifically, we address the problem of
sleep stage identification. Typically, for this purpose, data are
collected in sleep clinics with multiple multimodal sensors, and
then, analyzed by a human expert. There are six different sleep
stages: awake, REM, and sleep stages 14, indicating shallow
to deep sleep.

The data we used is available online in [21] and described in
detail in [22]. A single patient’s night recording contains sev-
eral measurements including two EEG channels and one elec-
trooculography (EOG) channel sampled at 100[Hz]. We used
recordings from three subjects. We split each subject’s night
into non-overlapping 30 seconds windows. We omit the awake
and sleep stage 4 windows due to too few occurrences. For vi-
sual purposes, we kept only windows corresponding to REM
and stage 3.

We denote the i-th window of the k-th subject by m§k>(t)

with its corresponding covariance matrix P'") € R3*3. We

first compute P, the Riemannian mean of all covariance ma-
trices (from the three subsets). Then, we project the matri-
ces onto 75 M by computing Sgk) = LogP(PEM). For vi-
sualization purposes, we apply PCA to the vectors {S ,Ek)}
and present the first three principle components. Since the
covariance matrices in this experiment are of size 3 x 3, di-
mension reduction using PCA was sufficient. It was preferred
here over tSNE since it better preserves the global geometry of
the data.

Figure 9(a) presents the three dimensional representation of
the vectors obtained by PCA. Namely, each point in the figure
is the representation of a vector Sgk). On the left, the points are
colored according to the different subjects, and on the right, the
points are colored according to the sleep stage. We observe that
the points are clustered according to the different subjects. We

apply Algorithm 1 to the three subsets {Pl(-k)} of covariance
matrices and obtain the subsets {S‘Ek) }. Figure 9(b) presents the

two dimensional representation of the vectors {S’ f ) } obtained by
PCA. On the left, the points are colored according to the different
subjects, and on the right, the points are colored according to the
sleep stage. Now we observe that the data is clustered according
to the sleep stage while the difference between the three subjects
is completely removed.

As in the Subsection IV-B3, to provide quantitative re-
sults, we train a linear SVM classifier based on Subject 1
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Fig. 8. The confusion matrices of the BCI task classification of data. (left) Baseline. (center) Mean Transport, (right) Algorithm 1.

and Subject 2 and evaluate the classification accuracy on
Subject 3. Figure 10 presents the obtained confusion matri-
ces. Figure 10 (left) presents the confusion matrix obtained
from the data without applying any adaptation (“Baseline”).
Figure 10 (center) presents the confusion matrix obtained by

the “Mean Transport” approach. Figure 10 (right) presents
the confusion matrix obtained by Algorithm 1. We observe
that using Algorithm 1 demonstrates better classification re-
sults compared with the “Baseline” and the “Mean Transport”
algorithms.
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Fig. 9. Representation of recordings for sleep stage identification. (a) Scatter

plot of the “baseline” {Bl(.k) } (after PCA) colored by subject (left) and by sleep

stage (right). (b) Scatter plot of {S’Ek)} (after PCA) obtained by the “mean
transport”, colored by subject (left) and by sleep stage (right). (c) Scatter plot

of {8!")} (after PCA) obtained by Algorithm 1 colored by subject (left) and
by sleep stage (right).

D. Mental Arithmetic Identification From EEG

In this subsection, we demonstrate the proposed domain adap-
tation on a large dataset consisting of EEG recordings from 29
subjects for the purpose of mental arithmetic identification [23]
(Dataset B). The EEG data were recorded using 30 electrodes at
1000 Hz. The EEG recordings were obtained while the subjects
were in two mental states. In the first mental state, the subjects
were instructed to perform repeated simple arithmetic calcula-
tions. In the second, baseline, state, the subjects were instructed
to rest. The experiment consisted of three sessions. Each session
comprised 20 repetitions of the above tasks. Thus, overall, the
dataset contains 60 trials per subject.

Similarly to the previous experiments, we computed the co-
variance matrix of each trial and applied Algorithm 1 and the
competing algorithms for domain adaptation in order to ac-
count for the inherent difference between the three sessions.
First we visually demonstrate the performance on a single sub-
ject. Figure 11(a) presents the two dimensional tSNE represen-
tation obtained by the “baseline” algorithm. One can notice a
clear shift in the representation of trials from Session 1 com-
pared to trials from Session 2 and 3. Figure 11(b) presents the
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two dimensional tSNE representation obtained by Algorithm 1.
After applying our domain adaptation, we can observe that
the shift between the sessions is no longer apparent and
that the trials are clustered according to the mental state, as
desired.

We repeated this test for all 29 subjects and report that
a similar difference between the sessions is present in most
of the subjects. To provide a quantitative assessment of the
adaptation, we applied a leave-one-session-out cross-validation
using a linear SVM classifier to the representations obtained
from the 3 competing methods. The average classification ac-
curacy obtained for all 29 subjects is depicted in the following
table:

] Baseline \ MT \ PT ‘
| 74% | 73% | 78% |

V. CONCLUSIONS

Analyzing complex data in high-dimension is challenging,
since such data do not live in a Euclidean space. Therefore, ba-
sic operations such as comparisons, additions, and subtractions,
which are the basis of any analysis and learning technique,
do not necessarily exist and are not appropriately defined. In
this work, we propose to view the complex data through the
lens of SPD matrices, which reside on an analytic Riemannian
manifold. Using the Riemannian geometry of SPD matrices,
we presented an approach for multi-domain data representation.
Based on this new representation, we proposed an algorithm
for domain adaptation. We extend the existing results in the
Riemannian geometry of SPD matrices and establish a frame-
work for the justification and analysis of the proposed solution.
We demonstrated the usefulness of the presented domain adap-
tation method in applications to simulation and real recorded
data.

APPENDIX A
PROOF OF LEMMA 1

Proof: The PT of S along the geodesic between B and A
is given by [18]:

I'p.a(S)=MSM"

where M = B7 exp (B’%%LogB (A) B’é’) B~ 7. Now we
will show that M can be written more simply, proving a more
efficient way to compute it. We have

1 1 1 1 1
M = B? exp <B2 §LogB (A) Bi) B2

— BYexp (; log (BéAB%)> Bt
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Fig. 10. Confusion matrices of sleep stage identification based on recordings from Subject 3. (left) Baseline, (center) Mean Transport, (right) Algorithm 1.
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(left) and by the mental state (right). See the text for details.

and also

o=

2
M? = (B% (B—%AB—%) B—%) —AB! - E?

are derived from Lemma 1, since these are properties of PT.
For completeness, we provide their explicit proofs. Proof of
condition (2): Let A, B € M and S, S5 € 7gM and denote

! Any tangent plane to the SPD manifold M is the entire space of symmetric
matrices [18].

; (BB.E") ' BAE" (EB,E")

(EB,E")' E'B,* B,* A,B,* B,"E"' (EB,E")’

o=
)=

) B

o=

o=

1
2
B2

K

(EB.E") ETB,* (B,*AB,") B, 'E" (EB,E")' B

K"

L
2

=EBE'E'B" (B"AB,") B E'EBE'

1 1 1N 5 1
— EB; (BFAlBﬁ)Z BIE"

(10)
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E=(AB ') =B*(B *AB 7)! B 7. We have

A'E=A'B? (B—%AB—%)f B

o=

= A'B*B TAB* (Bfé—AB—g)‘ B+

o=

—B* (B*%AB*5)7 B*
Namely, A~! E is a symmetric matrix. Thus, we get that
ETA'E=E"E"A"' = (AB )" A"

(B'A)A™' =B
and finally, we obtain

(ES|E" ES,E"), =(ES\E"A"' | A"'ES,E")
=Tr{ES,E"A'ES,E" A"}
=Tr{S\E"A'ES,E" A"'E}
=Tr{S,B'S,B'}
= (51,8:2)p

Proof of condition (3): Let B € M be an SPD matrix with the
following spectral decomposition: B = MAM?". Then, we
have

d d
—B'= —MA'M" = MA'log (A) M"
at” T dt o8 (A)
= MA'M" Mlog(A) M" = B'log (B)
Consider the geodesic ¢(t) from B to A: ¢(t) =

B: (B’%AB’%)tB% Thus, its velocity at t = 0 is given by

¢/ (0) = B log (B*%AB%) BY =Logg (A)  (11)

and similarly, the velocity at t = 1 is given by

1 1 1 1 1 1
o (1) = BY (B’?AB’?) log (B*z*AB*?) B}

—AB *tlog (B%A*Bi’) Bt

~AB tlog (B'A ' ATBA T AYB ) BY

~~~
(

~ABB'A 1oz (A tBA) APB B}

~Atlog (AP BA ) A = —Logs (B) (12)

where in (x) we pull out V' = B’A 7andV !=A"B*
from the log, since it is a scalar function: log (VPV’I)
Vieg (P)V ™!

Let U be the following unitary matrix

U=A B’ (B—%AB—%>é

Using U, we can rewrite E as:

)=

E= (AB*l)% = B? (B*é*AB*%) Bt — A'UB ¢
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Finally, by combining (11), (12) and 13, we have

1

EJ(0)ET = A% log (UB‘%AB—%UT) A
=A% log (A‘iBA—%) Ar

—Log, (B) = ¢' (1)

APPENDIX C
PROOF OF THEOREM 2

Proof:
U (P) =Exps (I'p-a(95))
= Expy (ELogg (P)E")

— AF exp (U log (B—%PB—%) UT) A*
— AtUexp (log (B*%PB*%)) UT A%

= A*UB *PB U’ A?

= A*ATEB*B 'PB 'BTETA T A*
= EPE”

1 1 . . .
where U = A2 EB? is a unitary matrix, and therefore can be
pulled out of the scalar exp function. |

APPENDIX D
PROOF OF PROPOSITION 1

Proof: Let E, = (A, B;\)f = BY (B A,B,")B;*
L L 1 _L
and E; = (A;B;')? = B3 (B,” A;B,?)B, ”. Since
I'(Tp,a, (S))=EE,SETE",

L
2

and
I'p,-a, (I'(S)) = E:ESE"Ej
it is enough to show that
E.E = FEE,.
First, note that K = Bé E’TB;% is unitary. Thus, we have
(10). Finally, we have

E,E = Bj (BQ_%AQB;%)% B,’E
)

APPENDIX E

In this appendix we proof that if the identity matrix I is on
the geodesic ¢ between A and B, then, the matrices A and B
commute and they have the same eigenvectors.
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Proof: if I is on the geodesic ¢(t), then there exist some
to € (0,1) (if tyg = 0 or tg = 1 the result is trivial) such that:

o(t)) = A* (A*%BA*%*)“' AF =T

Now, consider A = VAV the eigenvalue-decomposition of
A. By multiplying both from the right and the left, we have

Af (AWI’BA’%yO AT =1

(A’%BA’;’)tO — A
By raising to the power of % and then multiplying both from
the right and the left again, we have
A TBA T =AW
= B=A"T" =VA TV’
Thus, B has the same eigenvectors as A and they commute

AB = VAVTVA " T VT = VAA VT

1

VA wVIVvAVT = BA

APPENDIX F
RIEMANNIAN MEAN ALGORITHM

Algorithm 2: Riemannian Mean for SPD Matrices as
Presented in [6].

Input: a set of SPD matrices { P; € M}f\il

QOutput: the Riemannian mean matrix P.
1) Compute the initial term P = +- vazl P,
2) do
a) Compute the Euclidean mean in the tangent
space: S = +- Zf\zl Logs (P;)
b) Update P = Expm (?)
c) while ||S||,, > e where ||-|| - is the Frobenius
norm.

REFERENCES

[1] S.Sraand R. Hosseini, “Conic geometric optimization on the manifold of
positive definite matrices,” SIAM J. Optim., vol. 25, no. 1, pp. 713-739,
2015.

[2] O.Tuzel, F. Porikli, and P. Meer, “Pedestrian detection via classification on
Riemannian manifolds,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 30,
no. 10, pp. 1713-1727, Oct. 2008.

[3] O. Freifeld, S. Hauberg, and M. J. Black, “Model transport: Towards
scalable transfer learning on manifolds,” in Proc. IEEE Conf. Comput.
Vision Pattern Recognit., 2014, pp. 1378—1385.

[4] R.Bergmann, J. H. Fitschen, J. Persch, and G. Steidl, “Priors with coupled
first and second order differences for manifold-valued image processing,”
J. Math. Imag. Vision, vol. 60, no. 9, pp. 1459-1481, 2018.

[5] X.Pennec, P. Fillard, and N. Ayache, “A Riemannian framework for tensor
computing,” Int. J. Comput. Vis., vol. 66, no. 1, pp. 41-66, 2006.

1811

[6] A.Barachant, S. Bonnet, M. Congedo, and C. Jutten, “Classification of co-
variance matrices using a Riemannian-based kernel for BCI applications,”
Neurocomputing, vol. 112, pp. 172-178, 2013.

[7]1 S. Ben-David, J. Blitzer, K. Crammer, and F. Pereira, “Analysis of repre-
sentations for domain adaptation,” in Proc. Adv. Neural Inf. Process. Syst.,
2007, pp. 137-144.

[8] S.J.Pan, I. W. Tsang, J. T. Kwok, and Q. Yang, “Domain adaptation via
transfer component analysis,” IEEE Trans. Neural Netw., vol. 22, no. 2,
pp. 199-210, Feb. 2011.

[91 M. Lorenzi, N. Ayache, and X. Pennec, “Schilds ladder for the parallel

transport of deformations in time series of images,” in Proc. Biennial Int.

Conf. Inf. Process. Med. Imag., 2011, pp. 463-474.

H. J. Kim, N. Adluru, B. B. Bendlin, S. C. Johnson, B. C. Vemuri, and

V. Singh, “Canonical correlation analysis on Riemannian manifolds and

its applications,” in Proc. Eur. Conf. Comput. Vis., 2014, pp. 251-267.

S. Bonnabel and R. Sepulchre, “Riemannian metric and geometric mean

for positive semidefinite matrices of fixed rank,” SIAM J. Matrix Anal.

Appl., vol. 31, no. 3, pp. 1055-1070, 2009.

P. Zanini, M. Congedo, C. Jutten, S. Said, and Y. Berthoumieu, “Transfer

learning: A Riemannian geometry framework with applications to brain-

computer interfaces,” IEEE Trans. Biomed. Eng., vol. 65, no. 5, pp. 1107—

1116, May 2018.

A. Karbalayghareh, X. Qian, and E. R. Dougherty, “Optimal Bayesian

transfer learning,” IEEE Trans. Signal Process., vol. 66, no. 14, pp. 3724—

3739, Jul. 2018.

R. Bhatia, Positive Definite Matrices. Princeton, NJ, USA: Princeton Univ.

Press, 2009.

M. Moakher, “A differential geometric approach to the geometric mean of

symmetric positive-definite matrices,” SIAM J. Matrix Anal. Appl., vol. 26,

no. 3, pp. 735-747, 2005.

A. Schlogl, J. Kronegg, J. Huggins, and S. Mason, “19 evaluation criteria

for BCI research,” Toward Brain-Computer Interfacing. Boca Raton, FL,

USA: CRC Press 2007.

T. Hofmann, B. Scholkopf, and A. J. Smola, “Kernel methods in machine

learning,” Ann. Statist., vol. 36, pp. 1171-1220, 2008.

R. Ferreira, J. Xavier, J. P. Costeira, and V. Barroso, “Newton method for

Riemannian centroid computation in naturally reductive homogeneous

spaces,” in Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., 2006.

M. Naeem, C. Brunner, R. Leeb, B. Graimann, and G. Pfurtscheller,

“Seperability of four-class motor imagery data using independent compo-

nents analysis,” J. Neural Eng., vol. 3, no. 3, pp. 208-216, 2006.

L. van der Maaten and G. Hinton, “Visualizing data using T-SNE,” J.

Mach. Learn. Res., vol. 9, no. Nov, pp. 2579-2605, 2008.

A. L. Goldberger er al, “PhysioBank, PhysioToolkit, and Phys-

ioNet: Components of a new research resource for complex physio-

logic signals,” Circulation, vol. 101, no. 23, pp. e215-e220, 2000, doi:
10.1161/01.CIR.101.23.€215. [Online]. Available: http://circ.ahajournals.
org/content/101/23/e215.full PMID:1085218

B. Kemp, A. H. Zwinderman, B. Tuk, H. A. Kamphuisen, and J. J. Oberye,

“Analysis of a sleep-dependent neuronal feedback loop: the slow-wave

microcontinuity of the EEG,” IEEE Trans. Biomed. Eng., vol. 47, no. 9,

pp. 1185-1194, Sep. 2000.

J. Shin et al., “Open access dataset for EEG+ NIRS single-trial classifica-

tion,” IEEE Trans. Neural Syst. Rehabil. Eng., vol. 25, no. 10, pp. 1735-

1745, Oct. 2017.

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

Or Yair (S’15), photograph and biography not available at the time of
publication.

Mirela Ben-Chen, photograph and biography not available at the time of
publication.

Ronen Talmon (M’11), photograph and biography not available at the time of
publication.


http://dx.doi.org/10.1161/01.CIR.101.23.e215
http://circ.ahajournals.org/content/101/23/e215.full
http://circ.ahajournals.org/content/101/23/e215.full


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


