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Appendices

A. Proof of Proposition 3.1 for the operator ().. In this appendix we show that the
asymptotic expansion of the operator ¢, presented in Subsection 3.1, is given by

1) @)= [l LG avi) = o) - B2 (850 - T ) + o)

where d.(2') = [ ke(z,2")u(z)dV (x) and mg and my are manifold related constants.

Proof. As shown in [SM1]| (Appendix B, Lemma 8), the asymptotic expansion of an ap-
propriately scaled kernel ke(x,z’), defined similarly to (3.1), applied to any smooth function
g(z) on M, is given by

(A2)  Keg(r) = /ke(x> )g(a")dV (2') = mog(x) — mae® (Ag(x) — w(@)g(x)) + O("),

where w(z) is a function that depends on the curvature.
Therefore, for Q., consider g(z) = f(x)u(z)/d(x), and its asymptotic expansion is given
by

o) = f@) AW ACIIC)) A
a8 ef@=m P, (A<A)() (o HE12) ))+0< )

de

In addition, for d.(z), consider g(z) = p(z) and then d(z) = mou(zr) —
mae? (Ap(z) — w(z)p(z)) + O(et). When e is sufficiently small, we have,

(A4) (d) "= mo " (14222 (S -0} ) + (e

0
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By substituting d, in (A.3) with (A.4), when € is sufficiently small, we obtain the following
asymptotic expansion

Qcf (x) = fla) — —¢ (Af<m)—w(rc)f(x>+w(x)f( ) — ﬂi( )) +O(€%)
mo 2
B mge o) — Ap . ]
(A.5) = f(x) "o 2 <Af( ) n ( )) + O(eh).

B. Proof of Proposition 3.2. For simplicity, we present the proof of Proposition 3.2 for
€2 = €1 = €. For €3 # €1, the proof is similar up to some notation changes. The asymptotic
expansion of the operators G, and H., defined in Subsection 3.2, is given by

(B1)  Geflw) = f(2) =& (A f(a) + 6" AP (¢) 7 ()

(B.2) 2 (52920 2 2]; v@u® @) fA/il()lgm) (@) 4ot
(B3)  Hef(@) = fla) - € (¢*A (@) + A0 f(x))

(B.4) —e2( fM'(X O (x)> +O(e

Proof. From Proposition 3.1, for z € M® | we have

(OF I vIOMO)

(B3) POf @) = fla)— & (A“WW Lt ><x>+0<e4>
0),,(0)

(B.6) QO (@) = f(a) - & (A“)f—f ~ )<w>+o<e4>

For better readability, we assume without loss of generality that the kernel functions kél) and
ng) are scaled such that the constants m((]l), mgl), m(()Q) and m( ) are equal to 1, similarly
to [SM1, Appendix B] and [SM3, Appendix A]. We omit these constants in the following
appendices as well.

For the operator G .f(x) = ¢*P (qb*) 1Q£1)f(:n), where z € MW, consider g(y) =
((qb*)_lQEl)f) (y), where y = ¢(z), and place the expansion of ((g{)*)_ngl)f) (y) into
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(¢P9) (@):

(B7)  Gf@) =(¢"PPg) ()

(2. 7 ,2)
(B.8) = *[9—62 (A(2)9+2V gMZ s ) () + O(e")
(1) (1)
(B.9) —f(z) — € (m Fo W)
2 [ e A(2)( k1 L2V (¢l v@ ) )
(B.10) —e [ AY (") f+ o e (z) + O(eY).

Similarly, for H, we get

(B11)  Hf(2) =f(2)—¢ (AW f(@) + 6" A (¢7) 7 f(w) )

v £ . (), 0 A
(B.12) —62< / = B (@) - fo T‘;(m) L O(eh).
I Jz

Remark B.1. The difference between the asymptotic expansions of the operators G, and
3 L
H. and the alternating diffusion operator shown in Appendix D, is in the term f %, which

appears in G, and H.. In the alternating diffusion operator the expressions representing the
2v® r.v(0 0

two manifolds are similar and given by D

C. Proof of Proposition 3.3. For simplicity, we present the proof of Proposition 3.3 for
€s = €1 = €. For €5 # €1, the proof is similar up to some notation changes. For the operators
Se and A, defined in Subsection 3.3, we present the derivation of the asymptotic expansion
and prove Proposition 3.3.

Proof. For S, f(z), place the asymptotic expansions of G, and H, shown in Proposition
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3.2, into Sef(x) = (Gef(z) + Hef(z))/2 to obtain:

(1) SJ@3=§ﬂx%—§(A<V<>+¢wM”w> 1))
e @) (¢*)~1 (2) A,
(C.2) < <¢*2V (¢ )M@J; vOue fuul)i(ﬂﬁ))
62
(©3) 1@ - < (678967 (@) + A0 @)
e (2vWy.v®,0 LA®@ )
(©4) 2 < e (x) — fo e (1:)) +O(eh)
(C5) =f(@) — & (AVf(@) + " A (") L (x)
[ av@(p*)~lf. v L@ LA@,@)
(C.6) -5 <<z> el () — fo pe (@)
e [2vW . v, FAW ()
(1) 2< O R Sy @0+0w»

For A.f(z), place the asymptotic expansions of G, and H., shown in Proposition 3.2, into

Acf(z) = (Gef(x) — Hef(x))/2 to obtain:

2
(©8)  Af() =g @)~ 5 (A0 f(@) + 6" 2D (67) 7 ()
e[ VD) VO AN
(c9) —2(¢ — <m—mnw>
2
(C.10) 7@+ S (606 (@) + AD f (@)
2 foy(D)f.y@), M A2 ,(2)
(C.11) +€2< / G (@) = fo (x)) +0(Y)
7 7
e (ov . v 0 FAM D)
(C.12) 2( o) () + o) (x)>
@ (p)-17.v®2) (2 2,2
(C.13) —€;<¢*2V2 O TV 0y 4 g 20 (x)) o). m
7 7

D. Comparison to Alternating diffusion. In this appendix, we review the asymptotic
expansion of the alternating diffusion operator from [SM5, SM2| and show that it is not self-
adjoint. For simplicity, we assume that e = €; = €. For eg # €1, the derivations are similar
up to some notation changes.

The asymptotic expansion of the alternating diffusion operator can be derived similarly to
Appendix B and Appendix C. This operator is defined by PAL f(z) = ¢*P{? (¢*)" 1PV f ().
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)

By placing the asymptotic expansion of Pe(e from Proposition 3.1 in this definition we get

D1)  PAPf(2) = fla) — 2 (A(l)f L2y va)M(l))

e
(D.2) —€ <¢*A<2>(¢*)—1 f+e QV@)W)M;{ Vou (2)> () + O(e")
(D-3) = @)= & (A0 f+ 6" AP ()71 f) ()

D.4) e <2v<1> fN.(Xu) e o WQ)(W); 5’; Ve Mu)) @ + O(ed)

We now show that the limit operator of alternating diffusion, PAP = lim,_q (I — PeAD) /€2,
where I denotes the identity operator, is not self-adjoint. We separate PAP into two additive
terms, the first, denoted by PAP(M) which contains elements related to the first manifold, i.e.
elements from (D.1), and the second, denoted by PAP®?) which contains elements related to
the second manifold, i.e. elements from (D.2). We will show that each of these operators is
not self-adjoint, and therefore, PAP is not self-adjoint, from the linearity of the inner product

and from the additivity of these operators.
For PAP() given f, g € C® (M(l)),

ov() .y,
-/ <A(”f+ LY 1) @) (@)av ()
MO o

(D.5) + / ()(zvﬂ) f-v%“)) (2)g(z)dV D (z)
M 1

pt
D). w@),10) 1) ,1)
(D.6) -/ (W B )(w)ﬂ(”(w)f(w)dV(”(x)
MO [ [
1,1
(0.7) -/ ( g g2t ) ) (@) F(@)dv D (@)
MDD H
AD(1)
(D8) #(£.PP0g)

where the transition between (D.5) and (D.6), is based on Green’s first identity (for manifolds
without a boundary).
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Similarly, for PAP®2) given f, g € C* (/\/l(l)),

(PO1g) o= [ (@820 ) @@ @)

MO
@ () 11.v2) (2
(D.9) v [ o TR T g @)y ()
= [ (00 a6 ) v )
M(2)
(D.10) v /M(2) (26199 (6") 17 - VO () av ()
= [ () a0 ) ave)
M?2)

(D.11) +/M<2) 26°) " 1(6") " 9AD ) ()av(y)

(2,2
(D.12) - /M<2> <(¢*)1f(¢*)19Aﬂ(g > ()u® (y)av @ (y)
(2,2
(D.13) — /Mm <¢*A(2)(¢*)1g — go* Au(g > (x)f(x)u(l)(x)dv(l)(x)
(D.14) A (£.PPOg)

where the transitions from (D.9) to (D.10) and from (D.12) to (D.13) are based on
M (2)dV D (z) = @ (y)dV P (y) and y = ¢(z). In addition, the transition between (D.10)
and (D.11) is based on Green’s first identity.

Finally, due to linearity, we can combine both operators and conclude that
self-adjoint (nor anti-self-adjoint).

PAD s not,

Remark D.1. Note that based on a similar derivation, it can be shown that the limit
operators of G¢ and H, i.e. G = lim. o (G.—I) /e and H = lim,o (H. — I) /e? , are not
self-adjoint as well.

Remark D.2. When reversing the kernel order, i.e. PAPf(z) = PE(1)¢*PE(2)(¢*)’1f(x),
the asymptotic expansion of the resulting alternating diffusion operator is given by a similar
expression, up to the forth order terms, O(e*). Therefore, constructing the difference oper-
ator, A, from Subsection 3.3, using two alternating diffusion operators with reversed order,
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ie. AAPf(z) = $(PAP — PAD)f(z), will result in cancellation of all second order terms,

ALP f(2) = O(eY).

E. Proof of Proposition 3.4. Define the limit operator of A, ,, where e = ae and
€1 =€, a>0,by Ay = limc 0 Ac, e,/ €2. We show in this appendix that jA, is self-adjoint,
by equivalently showing that A, is anti-self-adjoint.

The asymptotic expansion of A, : C®(MD) — C®(MD) is given by:

1 (2v®f.v®,0 FAM M) )
ED Adl@)=3 ( (2) + (x)
2 p( 1D
2 V@ (o)1 . v (2,32 A®) 2

This is obtained from Proposition 3.3, for Ael,eg/rs2 when € — 0 and €9 = ae; = «e.

Proof. Denote by AS) the terms in the asymptotic expansion of A, which are related to
the first manifold, i.e. (E.1). Similarly, denote by A&z) the terms which are related to the
second manifold, i.e. (E.2). In order to show that A, is anti-self-adjoint we will first show that
each of these partial operators are anti-self-adjoint and then, from the linearity of the inner
product and the additivity of these terms, this result naturally extends to A,.

For A , given f,g € C°(MW),

FAD LD g0 g0
—+ - (2)g(x)p (x)dv ™ (x)
MO 2#( ) 'u,( )

E3)  (AVf9)

(B.4) = [ (Grac (”) P)a()av O z)

(E.5) + /M(l (VO - VORD) (@)g()av D ()

(E6) -/ . (;ng ) @avt

(E7) = [ (T (o900) ) @) @av e

(E.8) _ /Mm( gAU (1)+V(1)gv(1)u(1)> () f(2)av D (z)
(€9) -/ <9A2(Mif‘)(” + Vmgﬁf”“m) (@) )av ()
(E.10) =—(£,A0g) .-

where the transition between (E.5) and (E.7) is based on Green’s first identity (for manifolds

without a boundary).
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Similarly, for A&Q), given f,g € (M),

A2, 2)

@ () 1. v@ (2
(E11) - /Mmaz (cb*v R ><w>g<x>u<”<x>dv<”<x>

A®2),(2)
—— [ et () @) | P v )
M(2) 2/_,&()

@ (pV-1f. (2,2
(B.12) - /M@)O‘Q(v ((b)ﬂ(;v : (¢*)19> (W) (y)av® (y)

T /M@) o’ (;(cb*)‘lg(qb*)‘lfA@)M(z)) ()dV® (y)

(E.13) + /M o? (V(Q)(¢*)—1g . V(2)M(2)(¢*)_1f) (y)dV(Q) ()

i A(Q)M(2)
2u(2)

@ () 1g. 7O 42
(E14) +/M(2)a2<v @) M(%v : (¢*)1f> ()@ (y)av A (y)

) (@) f (2)uD (2)dV D (z)

(E.15) + /M(1> o? el > (@) f (2)u) (2)dV P ()

_ 2
(E16) - f7 Aa g>M(1) ’

where the transitions from (E.11) to (E.12) and from (E.14) to (E.15) are based on
pD(2)dv D (z) = u®(y)dV®(y) and y = ¢(z). In addition, the transition between (E.12)
and (E.13) is based on Green’s first identity.

Finally, combining these results for A&l) and A((f) we get:

)

(E.17) (GAaf g = (3 (AL +AD) £.9)

(E.18) = <A§3)f,g>M(l) j (A8 f79>M(1>

1 (1) -3 (1A
(E:20) =i (£ (AD +AD) g) | = (fiAag) e
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Remark E.1. By performing a similar derivation for the operator Se, it can be shown to
be self-adjoint as well.

F. Proof of Proposition 3.5. We prove here that Vf € C* (./\/l(l)), if suppf C Qa, then
Anf(xz) =0, where, as defined in Section 2, £, = {33 e MU : Vo, = aI}, a > 0.

Proof. As presented in Proposition 3.3 and in Appendix E, the asymptotic expansion of
the operator A, is given by

1 (2vDy.vD 0 FAM M)
(F.1) Aaf(x) ) ( 1@ )+ e (z)
o2 [ L 2V@(¢p*)lf.v@ ) LA@ )
(F2) -« <¢ W) TV o)+ f6 2t
I 0

Consider z € MW, y = ¢(z) € M®? and f € C® (./\/l(l)). With the chosen coordinates
around x and y, we calculate the following gradient of f:

(£.3) (vO@) )|, = (Y2res)| = VOV P6,.

In addition, calculating the gradient of the density function of the manifold M), given by
1A (y) = J(y)u™ (67 (y)), where J(y) = |det (Vo™ (y))], leads to:

(F.4) v, = v <Jﬂ<1> o ¢71> ‘y

(F-5) = VO, (10 07t)| 47,V T D6,

By substituting these derivations in expression (F.2), we get:

(#5) nogt) = (LT 0 ST )
2 ) ey
(F.7) 22V VR - VO p)
2 I p(2) D]
(F.8) _04722V(1)f|xv(2)¢_1|¢(z) : V(I)M(I)‘xv(2)¢_l|¢(as)
2 N(1)|z
(F.9) —OﬁfiA(Z)M@) ote)
2 M(Q)‘¢(x)

Then, if suppf C fla, for x € fla we have V(Q)qﬁ_l](z)(x) = LI, where I denotes the d x d

[0}

identity matrix, and J|g(,) = a~%. In addition, for such z, we have u®(¢(x)) = a4 ().
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We are then left with:

1 Qv(l)f . V(l)u(l) fA(l)ﬂ(l)
(FIO) Acxf(-flf) = 5 ( M(l) x) + T(%‘)
a? [ovD a1 v, 1)1 A©2),(2)
(F.11) JO (e VI b iR (o)
2 pu® u®
1AW , A2
(F.12) =3 <'u(1)($) -« fw(qﬁ(x))
1 fA(l)u(l) ) O;dﬂA(l)M(l)
(F.13) D) (W(w)—a fw(x)
(F.14) =0,

where we use the fact that for z € fla, A(22u(2) (p(x)) = a‘d_QA(l),u(l)(x).
Therefore, we showed that if suppf C Qg, then A, f(x) = 0. [ |

G. Interpretation of the operators and diffeomorphism in the discrete setting. Note
that in the current definition of the discrete operators S and A, we apply operators defined
on M and operators defined on M® to the same functions. Specifically, applying H to
v, a discretization of f € C*° (M(l)), implies that the function f is first pushed forward to
M@ and then discretized. Namely, the discrete operators, G and H, embody both the con-

tinuous operators, Pe(f ) and ng), and the diffeomorphism, ¢, i.e. G is the discrete counterpart

of (;S*PE(QQ)(QZ)*)_ng) and H is the discrete counterpart of Pe(ll)ng*Qg)((;S*)_l. When the two
datasets significantly differ in their densities or metrics, the discrete operators do not neces-
sarily embody the diffeomorphism. In this case, when the operator A is applied to the vector
v(D | explicitly given by Av) = POQWv(M) — PMQP@ v the subtracted expressions may
be in different domains, i.e. PAQWvM € M@ and POQ@ v ¢ MM, Moreover, the
application of Q® to v(!) may be erroneous as well. One option to resolve this is by defining
the following operators

(G.1) S =QWspW
(G.2) A =QWApPW,

Using these definitions, by applying the operator A to v for example, we obtain Av(t) =
QUPAQUPLvM — QUPMQERPM (), Therefore, the two subtracted terms now begin
and end with kernels representing the density and metric properties of M®).

The operators S and A are symmetric and anti-symmetric, respectively, and preserve the
same asymptotic behavior. A second option is to use concepts from [SM4], which presents a
method for recovering a functional map between two shapes, and include such a functional
map, between the two manifolds, in the construction of the operators S and A. We note that
in the experimental results, presented in Section 5 and Section 6, both operator forms S, A,
and S, A, led to comparable results. This is due to the similarity of the two manifolds in these
applications.
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H. Proof of Corollary 6.1. In this appendix we prove Corollary 6.1. For simplicity, we
assume here that e = ¢ = € (a« = 1). For e # €3, the derivations are similar up to some
notation changes, as in Appendix F.

Consider €M) ¢ R? and €@ ¢ RP such that £0 = MO g FO where MY c RP1,
FO CRP p=pi+ps, £=1,2 and ¢ : ED — £@ satisfies MDD g FD) = MO gg(FW),
where ¢ : FO — F®? is a smooth diffeomorphism. In addition, assume that p(9(s®) =
u%)(m“))uy) (£9)), where ;{9 is the probability density on £@), u%) is the marginal density of
u® on MO, Mgf) is the marginal density of (¥ on F© and s()(t) = m©(t) + £ (¢), where
s e £0 m® ¢ MO and £ E FO,

Denote Qf = {f(l)( ye F . V¢|f } c FM, where I denotes a py x po identity
matrix, and define A = lim._q Ae/e i

Corollary 6.1 states that for all g € C* (5(1)), if suppg ¢ M1 EBfolf, then Ag = 0. Hence,
if Ag = Ag, g # 0, then, suppg ¢ M @ Q5.

Proof. We first note that since £ = MM @ FO) | the eigenfunctions of A|rq), ie. the

restriction of A to F(1) multiplied by a non- zero function defined on MW are eigenfunctions

of A. Second, note that V¢ £1 when VM £ 1, since
1 _ Im Xp1 Opl Xp2

(H.1) VW Gprp = [Opzxm _ %XM]
where 04, x4, denotes a zero matrix of size d; X do. Third, from the relation between the
probability density functlons on the two manifolds, we have ,ug)(m@)) = ,u,(%)(m(l)) and

()(f@) = J; ‘ f(l)), where J¢>) ’det (V@)q;*l(f@)))‘, since Jg| ) =
) 2 5 D), 5 )

Therefore, we can derive the following expressions for g € C'*® (5 (1)), ¢! and p®:

I3 £(2)

(1)
I i S D et 1
(H.3) w00 _ WP EO) V|
s() v(f) () o M(f)(m(e))
(H.4) AO,® S(Z)_Mﬁp(f())A%)M(a‘ - N ” 1O (m®)
(H.5) V(”g\s<1>V(2)¢‘1!¢(S<1>) _ Vo gl ma

@)y @), (1)
B My (£) Vi pin
H6) VOV VP =1 o) o ’

Vi by




SM12 SHNITZER, BEN-CHEN, GUIBAS, TALMON, AND WU

According to Appendix F the operator A = lim._,o A./€? is given by

1 (2vWg. v ,Mm gA® D)
Ag(a) 25( FOEE U
12Vl VG g0 - VO T
2 sz
12Vl Vo g - VWV 67
92 'u,(l)‘x
1, APy
27 @y

By substituting expressions (H.2) - (H.6) and p(9(s()) = Mn?(m(l)),ugp (M) into (H.7), we
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get:
(sD) 1( mg\mm Ve i L) +gA7(7"b)/'L£n)|m(1)>
2 15 [ 5 [
1 2Vf g’f(l) Vf ,Uf)|f() +9A§”I)F‘§fl)|f(1)
2 /~Lf i “5‘1)|f(”
1 — 1
_12V§c 9lew VOG5 500y - VO 5 0n 5 e
2 T3l et lew
_}2V£rlz)g|m<1 Vi Mm)\mu)
2 18 [
1 1 T—
12Vf Jgley VP4 ¢y V§)u§)lf<l>v<2>¢ g
2 :U'f)‘f(l)
(2 ().
(H.8) C19AF R gy lgAﬁ)usi)Imm
: 2 1
2 1Dl 2 et
1 2V§f1)g|f<1> 'ngl)/‘;l)“(” gAgfl)ug‘l)|f“>
=3 0 LY
Ky g Hy e
12Vf 9|f(1)v( |¢(f(1) Vs ’¢(f(1))uf g
2 Jg |(;s £ ):“f |f(1>
1 1 T—
12Vf Jgley VP4 ¢ gy Vgc)#gc)lf<1>v(2)¢ g
2 :U'f)‘f(l)
(2 ().
(H.9) LI gy
' (2)
2 My |¢3(f<1))
(H.10) =Alrog(fM),

where we used ,u,(fb)|¢(m<1)) = ,ugrll)]m@) and Ag)ug)]¢(m(1>) = A%)u%”mu) to obtain the last
term in (H.8).

This derivation states that Ag(s)) = A|zq)g(f()). Therefore, under the assumptions
stated in the beginning of this appendix, the considered setting is equivalent to the setting in
Proposition 3.5, with the manifolds F©, ¢ = 1,2, the smooth diffeomorphism q} cFO 5 FO)
and g € C* (f(l)). We can now apply Proposition 3.5 to (H.10) and obtain that for all
geC™® (.7:(1)), if suppg C Qof, then A| z1,g(f)) = 0. Due to the definition of £ as a direct
sum of M® and FO, we can define g € C® (5(1)) and obtain that for all g € C*° (8(1)), if
suppg € MM @ fclf, then Ag(s(l)) = 0, which concludes the proof. [ |



SM14 SHNITZER, BEN-CHEN, GUIBAS, TALMON, AND WU

REFERENCES

[SM1] R. CoirMAN AND S. LAFON, Diffusion maps, Appl. Comput. Harmon. Anal., 21 (2006), pp. 5-30.

[SM2] R. R. LEDERMAN AND R. TALMON, Learning the geometry of common latent variables using
alternating-diffusion, Applied and Computational Harmonic Analysis, (2015).

[SM3] B. NADLER, S. LaroN, R. R. CoirMaN, AND I. G. KEVREKIDIS, Diffusion maps, spectral clustering
and reaction coordinates of dynamical systems, Applied and Computational Harmonic Analysis, 21
(2006), pp. 113-127.

[SM4] M. OvssanNikov, M. BEN-CHEN, J. SOLOMON, A. BUTSCHER, AND L. GuiBAS, Functional maps: a
flexible representation of maps between shapes, ACM Transactions on Graphics (TOG), 31 (2012),
p- 30.

[SM5] R. TALMON AND H.-T. Wu, Latent common manifold learning with alternating diffusion: analysis and
applications, Applied and Computational Harmonic Analysis, (2018).



	Proof of Proposition 3.1 for the operator Q
	Proof of Proposition 3.2
	Proof of Proposition 3.3
	Comparison to Alternating diffusion
	Proof of Proposition 3.4
	Proof of Proposition 3.5
	Interpretation of the operators and diffeomorphism in the discrete setting
	Proof of Corollary 6.1

