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We present a new approach for computing planar hexagonal meshes that
approximate a given surface, represented as a triangle mesh. Our method is
based on two novel technical contributions. First, we introduce Coordinate
Power Fields, which are a pair of tangent vector fields on the surface that fulfill
a certain continuity constraint. We prove that the fulfillment of this constraint
guarantees the existence of a seamless parameterization with quantized
rotational jumps, which we then use to regularly remesh the surface. We
additionally propose an optimization framework for finding Coordinate
Power Fields, which also fulfill additional constraints, such as alignment,
sizing and bijectivity. Second, we build upon this framework to address
a challenging meshing problem: planar hexagonal meshing. To this end,
we suggest a combination of conjugacy, scaling and alignment constraints,
which together lead to planarizable hexagons. We demonstrate our approach
on a variety of surfaces, automatically generating planar hexagonal meshes
on complicated meshes, which were not achievable with existing methods.
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1 FROM COORDINATE VECTOR FIELDS TO GRADIENT
VECTOR FIELDS

Letr : U c R?> — Q c M be a regular parameterization of a
planar domain to a patch on the surface. Let 4,9 be the Cartesian
unit orthogonal axes in the parameterization domain, and u, v be
the coordinate functions on U, and set U = dr(1), V = dr(d), where
dr is the differential of r. Let By be a local orthonormal basis of
TpMat peQ, (Up V» ) be the 2 X 2 matrix whose columns are the
coefficients of Up, Vp in the basis By,.

LEmMMA 1.1. Let X € Ty M. Then we have:

drri(X) = (Up p)7'X, VXeT,M,
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and

(Vu)p = (10)(Up V)Y (Vo)p = (01)(Up V)7,
where all the coefficients of vectors in Ty M are with respect to the
local basis Bp.

Proor. Since r is regular and U, V are its coordinate vector fields,
then Uy, V) are linearly independent and ( Up Vp ) is invertible. Let
(a,b) = (Up V»)71X, or equivalently X = (Up Vp )(a,b) = aUy +
bV,. We additionally have ar1(X) = adr_l(Up) + bdr_l(Vp) =
ait + bt = (a,b)T, where the first equality holds since dr™! is linear
and the second holds by the definition of Up, Vp. Thus, we have, as
required, dr 1(X) = (U, Vp)71X.

To prove the second equation, consider again X € T, M. We have
that (Vu, X), = (Vuy, dr_l(X)>r—1(p) ={(0,dr 1(X)) = (10)dr (X)) =
(10)(Up Vp)71X. Here, the first equality holds since the inner prod-
uct with the gradient of a function commutes with the pullback of
the function. Again, since this holds for any X we have, as required,
Vu = (10)(Up V)" L. The proof for Vo is similar. O

2 CONJUGACY CONDITION

We refer to the notations in Figure 8 (right), where the hexagon is in
the tangent plane of the central point py, the coordinates are with
respect to Up,, Vp,, and the conjugacy is with respect to Sp,. We
drop the notation of the point to reduce clutter. The three conjugacy
conditions corresponding to the three strips of hexes are:

(A) 0= (1 +epr—Po)s= (U —=V)s = (U.V)s =0,
G

1 1
(B) 0=(pr+pop1—p2)s= —(U+V3V,-U+—V)s
4 V3

i( —(U,U)s — V3(V,U)s + %(U, Vs +(V,V)s).
(U, Vs =0= (U, U)s =(V,V)s.
© 0=(hp+prpo-p)s= U+VIVU+ %Ws -

(- W.U)s + VBV, s - %

(U,V)s =0= (U, U)s =(V,V)s.

(U, V)s +(V,V)s).

(1)
Hence, conditions (B), (C) are identical, and given condition (A)
they both reduce to (U, U)s = (V, V)s, as required.
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3 PROOF OF THEOREM 3.5

THEOREM 3.5. Let U,V be discrete CPFs of degree N. Then there
exist functions ul, o! eR™ 1 =11,2,3], withuj;,v; piecewise linear per
face t; e F (yet discontinuous between faces), such that:

(1) V(u) = (1o) (v i)™, V(vi) = (0 1) (U Vi), Vi eF.

(2) The triangle t; = (pl, pl,p 3) € R?*3 with coordinates pg =

(ul, l) is positively oriented.
(3) Let ejj € &l with ejj = tj N tj, and set oy, P € [1,..,3] the

indices of the vertices of e;j in t;, and similarly for t;. Thus,

eij=py—pl = p?

thatRZ”kij/N(p;?‘i — piﬁi) = pj.lj - pff.

—pfj €R3. Then there exists kij €Z such

PrOOF. Let #; € ¥, with embedding (p}, p?, p?) € R¥3. Given
Ui, Vi, set

- - ul ul\ (u
b= Lok o) = (). e a7 - ((Ug M)

where e = p p and similarly for e3 €;

(1) By the definition of t;, we have that ((1 O)dri_lei21 = ui2 -
ul1 and ((1 O)dri_le;?’1 = u? - ul1 Since Vu; has the same

21 ,31

projections on e;", e;", and since the projections uniquely

define the vector as 621 e?l are linearly independent (since
the mesh M is posmvely oriented and not degenerate), we
have the result. The claim for v is similar.

det(drTleA21 dr._le.31) = det(dr._l) det ((e?' €')) > 0, and
thus t; is positively oriented. Note that det(d 1) > 0 since
U,V are LICO, and det (( ¢ €')) > 0 since the input mesh
is positively oriented.

(3) The two triangles t; and t; have coordinates:

= (P p5p) = ((9).dri el drlelt),
tj=(PLpLpd) = ((§).dred aryled).

Thus, an edge e?ﬁ =p{ - pﬂ of t; is given by e;

—
Y
~

aff _ dr_l O‘ﬁ
and similarly for t;. Let e;; = pi - plﬁ’ = pj p]ﬁ’ Then,
from the CPF constraint, we have (dr;*(p{" - f} ‘))N =

(drjfl(pjo.{j _pjﬂj)) and thus ( a; piﬁi)N _ (pj:j _ pfj)N’

and the result follows.

4 GRADIENT OF THE CPF PENALTY OBJECTIVE
We have:

_1(91])

where, by Equation (4), we have ¢7lri_1 = s_l,( v, U)TJT, and s; =
(Ui, —]V;). Here the 2D vectors are considered as complex numbers
for the deﬁnition of the N-th power and the absolute value. Clearly,

E}e(U,V,2) =|(d = zijl” + (7 (ep) N =z

the objective E " is local in the faces i, j, and thus we only compute
derivatives w1th respect to U;, Vi, Uj, Vj and z;;. Since the expres-
sions are the same for i and j, we provide only the expressions for
i
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Define the following auxiliary functions:

h(w,z) (R2X2 RZ, h(w,z) =

f(a,b) :R* — R, f(a,b) = (Re((a+ib)®) Im((a+ib)®) ),
s(xy) :R* SR, s(x,y) = (x, —Jy),

ge(x,y) ;R SRE ge(xy) = (—< yx)TjTe,

)
@)
Then, the objective for the face i, with respect to the edge e;; between
faces i, j is:
Y. 2
Eij (Ui, Vi, zij) = ||h(f(geij(Ui"/i)),Zij) H . (3)

To reduce clutter, we drop all the subscripts, setting: x = U;,y =
Vi, z = (Re(zij) Im(z;5) ). Then:

E(xy.2) = || h(f(g(xv).2) |- )
Since we have 0E = 2h oh, we detail only the derivatives of h. Set
w(x,y) = f9(x.y)):

ih(w(x, y),z) = -1 (5)
R
6)
9 oh ow(x,y) ow(x,y)  ow(x,y) (
a—h(w(x, y),z) = — =1 = .
y ow  dy ay Ay

Now for the derivatives of w = f o g, we have:

ow(x,y) _ af(g9(x,y))) _ 99(x,y)

PR P = Jr(g(x,y)) P "
ow(x,y) _ f(g(xy))) _ ag(x,y)

Py 2 = Jr(g(x, y))a—y,

where Jp, dg/0x , 9g/dy eR¥Z,

4.1 Jacobian of f

We first write f it explicitly in terms of its real variables. Consider
the polar representation a + ib = r cos 0 + ir sin 0. Then, (a + ib)® =
0 cos 60 + ir sin 60 = x + iy. Now, we have [?, Ch. 6.1.13]:

cos 60 = 32cos® 6§ — 48 cos* O + 18 cos? 0 — 1

. . 5 3 ®)
sin 60 = sin 9(32 cos” 0 —32cos” 0 + 6 cos 9).
Hence:
x = r%cos 66 = 32r° cos® 0 — 487%r* cos* 6 + 18r*r? cos? 0 — r6,
y=r%sin6d = rsm9(32r cos® 0 — 32r%r3 cos® 0 + 6r*r cos 9)
©)
Plugging in a = r cos 0,b = rsin 0 we get:
x = 32a° — 48r2a* + 18r%a2 — r6,
(10)
y= b(32a5 -32r%a® + 6r4a)4
Finally, plugging in r? = a® + b? we have:
x = 32a° — 48(a® + b¥)a* + 18(a® + b%)2a® — (a® + b?)?,
(11)

y = b(320° - 32(a* + b)a + 6(a + b*)a),
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After simplification we get:

x = a® — 15a*b? + 154°b* - bé,

(12)
y= 2ab(3a4 - 10a%b? + 3b4).

Equation (??) provides an expression in real numbers of the output
of f in terms of its input. The derivatives follow:

ax o

=%~ ga(at - 10a2b% + 5b%),

oa b (13)
ax 0

X 6h(5a* - 10a%0° + bY).

ab oa

Note that if complex numbers are used for the implementation,
and f(z) = 2%, then the complex derivative is 3—5 = 62°, and the real
derivative is then % = % = Re(g—J;) and % = —% = —Im(g—jzr).
4.2 Jacobian of g
By the definition of g we have that g(x,y) = (* ¥)"le, where e

is constant with respect to x, y. Given a matrix A we have [?, Ch.

5.1.10.2.5]
(A™'B
AAB) _ ~AT'E;;A'B, (14)
dAij
where E;; is a matrix which is zero everywhere except at (i, j),
where it is 1.
Let A7l = (Z ), where p, g€ R™2. Then:

d(A™!B) _

—1(10)4-1 -1( pB
AB=-A (P )
5A11 (O 0) 0
-1
d(A B)z—A_l(OO)A_le—A_l 0 ,
A 10 pB
a(i—zllB) (13)
AL D) 41014 1B = —A*l(qB),
3A12 (O 0) 0
a(AilB) —-1(00) 41 -1( 0
0A) =-AT(g7)ATB= -4 (qB)’
Hence
(A™1B) -1 aA7'B) 1
= B)A™", =—(gB)A™". 16
A =P o (4B) (16)

We have that (xy)~! = m ( _((]]x y>)TT ) therefore:

ag(x,y) Ty -
%=ﬁ<fwﬂﬂ =—((10)g(x.p))(x ¥)™",
gy _ ex o rr xy)-1

2 ——sz(x,y)( yx)'Jt =—((01)g(xy))(xy)~

(17)
5 GRADIENT OF THE SMOOTHNESS OBJECTIVE

Similarly to the continuity constraint, we have:
- N - N2
E?j(U’ V)= |(dri Y(Jeip)™ - (drjl(]eij)) | ,

where, by Equation (4), we have dri_1 = s_l,( -v; u)T ]l.T, and s; =
(Ui, —JV;). Clearly, the objective Efj is local in the faces i, j, and thus
we only compute derivatives with respect to U;, V;, Uj, V. Using the

same auxiliary functions A, f, s as in Equation (??), and redefining g
as:

ge(x,y) = L(—y x)Te,  (18)

. :RZXZ RZ’
gelry)y o)

we have
8 U3 Vi U3 V) = | (e, 0 10), £ e, 000 ) [+ 19)

Taking again w(x,y) = f(g9(x,y)), and x; = U, y; = Vi,xj=Uyj =
V; we have:

2
E(xi, yi, xj, yj) = “ h(W(xi,yi)))W(xjayj))) H , (20)
and

a2

o, i = wa (0. yi) = Jp(9(xi. yi) g (% i),

7}

a—y_hij = wy (x5, yi) = Jr(g(xi, yi)) gy (xi, yi),

e (21)
5 i = —wx (g y5) = =Jp(9(x). 4j)) 9 (). ),

Xj

17}
ot = —wy (x5 y)) = =Jp(9(x; y))gy (x5 y)),

Yj

where hij = h(w(xi, yi), w(x), yj)), wx = ow/[dx ,wy = dw/dy , gx =
99/9x ,gy = 9g/dy.
Following Equation (??), the definition of g and since J7J = I,
we have:
_ eTy ( -y x)T]T
= )
T

_ e’ x
s2(xy)
6 PLANARIZATION OPTIMIZATION PROBLEM

We solve the following optimization problem:
AdEd + ASES + ).CEC + AlEl

= ~((10)g(x.y))(x )7,
(22)

gy = (v ) JT = —((01)g(x,y)(x v)7L.

minimize
v e RIVEPS ¢ RITHIXS

subject to Ap Z Z(nf, e)2 =0, (planarity),
fETH eEf
(23)
where
E;= Z llo — 62 (distance to surface)
v;€Vy
Es = Z ll(cp —vi) - (Ui+@ - cf)||2 (symmetry)
vief,
ferg
Ec= Z (ng, (vi — 5;))* (tangential drift)
UiEq/H

Er= > ¢llelh+ Y #(lloi = 3,11 1) (edge and diagonal lengths)

eij €€ vief,
feTH

with an auxiliary constraint Vf € ¥, ||n f|| = 1, that is enforced
using a homogeneous parametrization. Here, ¢y is the barycenter
of f, 0 denotes the position of v in the previous iteration and nj
is computed by averaging normal vectors at faces adjacent to 0.
Further, 9 is a projection of ¢ onto the input triangle mesh M, and
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e is an edge vector. Finally ¢(-) is a barrier function as defined in
Equation (14). For quad meshes, we add the fairness term A¢Ef =
Zveq/g llo = (wq +- - +wn)/n||%, where wy, . .., wy are the nearest
neighbors of v, and Ay = 5.

We use the Ceres Solver [?] for the optimization, where we enforce
the barrier on the lengths by multiplying A; by 2 after every 5
solver iterations. We initialize the weights as follows: A, = Ac =
0.01, A; = 0.001, A5 = 0.5, A = 1. We stop the optimization when

ACM Trans. Graph., Vol. 40, No. 4, Article 156. Publication date: August 2021.

maxfegy, (p(f)) is smaller than a user-prescribed threshold, or
when the maximal number of iterations is reached. We let the solver
perform a maximum number of 250 internal iterations and then
update 9, cf, and nj, and the weight )Lp .
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